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ABSTRACT 

This paper deals with a Twin Rotor Aerodynamic System (TRAS). It is a Multi-Input Multi-

Output (MIMO) system with high crosscoupling between its two channels. It proposes a 

hybrid design procedure that combines frequency response and root locus approaches. The 

proposed controller is designated as PID-Lead Compensator (PIDLC); the PID controller was 

designed in previous work using frequency response design specifications, while the lead 

compensator is proposed in this paper and is designed using the root locus method. A general 

explicit formula for angle computations in any of the four quadrants is also given. The lead 

compensator is designed by shifting the dominant closed-loop poles slightly to the left in the 

s-plane. This has the effect of enhancing the relative stability of the closed-loop system by 

eliminating the oscillation in its transient part but at the expense of greater rise time. However, 

for some applications, long rise time may be an allowable price to get rid of undesired 

oscillation. To demonstrate the proposed hybrid controller's performance numerically, a new 

performance index, designated by Integral Reciprocal Time Absolute Error (IRTAE), is 

defined as a figure to measure the oscillation of the response in its transient part. The proposed 

controller enhances this performance index by 0.6771%. Although the relative enhancement 

of the performance index is small, it contributes to eliminating the oscillation of the response 

in its transient part. Simulation results are performed on the MATLAB/Simulink environment. 

Keywords: TRAS, Twin Rotor Aerodynamic System, PID controller, frequency response 

specifications, lead compensator. 

 

 لنظام ديناميكي هوائي مزدوج الدوار  PID-Lead تصميم معوض 
 

 عمر وليد عبدالوهاب 
 استاذ مساعد 

 هندسة الحاسبات قسم كلية الهندسة /جامعة بغداد/ 

 فوزي فيصل رفل  
 طالبة ماجستير

 هندسة الحاسبات قسم ة /كلية الهندس /جامعة بغداد

 الخلاصة
البحث هذا  الديناميكي    يتعامل  النظام  الدوارالهوائي  مع  نظاTRAS)  مزدج  وهو  واخراجات  (،  متعددة  ادخالات  ذات  م 

تداخلات    MIMO)) متعددة قناتيه.  عاليمع  التردد ونهج موضع    منهجية  بينيقترح إجراء تصميم هجين يجمع  ة بين  استجابة 

في المسيطر التناسبي و التكاملي والتفاضلي  ؛ تم تصميم   PID-Lead    (PIDLC)كمعوض    . المسيطر المقترح صممالجذر
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مميزاتعمل   باستخدام  في حين  بتصميم  ال  سابق   ، التردد  البحثاستجابة  هذا  في  الرئيسي  المعوض  اقتراح  وتم تصميمه    تم 

الجذر. كما تم إعطاء  باستخدام نظرية الزاوية  موضع  في أي من الأرباع الأربعة. تم تصميم    صيغة صريحة عامة لحسابات 

إلى اليسار في المستوى    معوض الرئيسيال ه تأثير على تحسين  هذا ل.  sعن طريق تحريك أقطاب الحلقة المغلقة السائدة قليلاً 

ولكن على حساب وقت صعود أكبر. ومع ذلك   الحلقة المغلقة من خلال تقليل التذبذب في الجزء الانتقاليام الاستقرار النسبي لنظ

لإثبات أداء مسموحًا به للتخلص من التذبذب غير المرغوب فيه.    الطويل  التطبيقات ، قد يكون وقت الصعود، بالنسبة لبعض  

(  IRTAE)   سطة تكامل معكوس الوقت المطلق للخطأديد ، تم تحديده بواتعريف مؤشر أداء ج  المسيطر الهجين المقترح رقميًا ، تم

لقياس    حيث, شكل  الانتقالي  أنه  الجزء  في  للاستجابة  المسيطر.  التذبذب  بنسبة   قترحالم  عمل  هذا  الأداء  مؤشر  تحسين  على 

 .  MATLAB / Simulink٪. يتم تنفيذ نتائج المحاكاة على بيئة 0.6771

الرئيسية: والتفاضلي,  الن  الكلمات  والتكاملي  المسيطرالتناسبي  الدوار,  ثنائي  الهوائي  الديناميكي  التردد, ظام  استجابة  مميزات 

 المعوض الرئيسي.
 

1. INTRODUCTION 
 

The Twin Rotor Aerodynamic System (TRAS) is a lab machine that behaves like a helicopter; 

thus, it is an important issue to design a system controller.  It consists of two propellers tied to the 

ends of a beam. These propellers are driven by two DC motors Fig. 1. The main rotor generates 

vertical pushes and rotation around the horizontal axis, and the tail rotor generates horizontal 

pushes and rotation around the vertical axis (Netto, Lakhani and Meenatchi Sundaram, 2019).  

The TRAS is a nonlinear system with high nonlinearity and high coupling interaction between its 

two channels. It is a Multi-Input Multi-Output (MIMO) system where it has two inputs 𝑢𝜙 , 𝑢𝜃The 

voltages to the DC motors are connected to the tail, and main rotors, respectively, and have two 

outputs 𝜙 and 𝜃, which are the angles from the tail and main rotors, respectively (Haruna et al., 

2019). 

Designing a controller for a nonlinear MIMO system with high coupling is a complex task. 

Therefore some simplification has to be done, such as linearizing the system. Many attempts have 

been made to control the TRAS. In (Abdulwahhab and Abbas, 2017) and referred in 

(Abdulwahhab and Abbas, 2020), a fractional-order Proportional–Integral–Derivative (FOPID) 

controller (PIλDμ) of TRAS has been proposed with a new method called a Resonant Peak Value 

Design for the magnitude curve of the open-loop transfer function, where the FOPID controller 

performed better than the PID controllers in performance and robustness. In (Coskunturk, 2018), 

two controllers have been used, the Sliding Mode Controller (SMC) and Linear Quadratic 

Regulator (LQR). The mathematical model of the TRAS system has been created based on 

Lagrange’s Equations. The simulated results have shown that both controllers worked 

synchronously, but monitoring efficiency can be improved by changing the parameters. Many 

developments may be proposed to increase the stability of the system. The system should include 

the Kalman Filter. The Linear Quadratic Regulator is converted to Linear Quadratic Gaussian 

because it reduces the sliding mode control track's oscillations. In (Chaudhary and Kumar, 

2019), two Degrees Of Freedom (DOF) PID controller and  FOPID have been designed for TRAS. 

The controllers were designed based on tuning methods. The final result showed that FOPID is 

better than the 1-DOF PID controller and 2-DOF PID controller to improve TRAS's steady-state 

response and transient response. In (Rojas-Cubides et al., 2019), an SMC scheme assisted by 

Generalized Proportional Integral Observers (GPI) was proposed for TRAS. The proposed 

technique has shown to sustain the sliding system even in unfavorable operating environments, for 

example, parameter fluctuations, external disturbances, nonlinear effects, and actuator failures. 

This illustrates the robustness and practical efficiency of the proposed strategy. The most 

important features of the strategy used are (a) For each decoupling loop, only the order and 

function 𝐾𝑖(𝑡, 𝑦) are required, (b) A single GPI observer for each uncoupling loop can be used to 

estimate the conditions and disturbances associated with each sliding surface, (c) The architecture 

of each control law must be reduced to a single coefficient deciding the dynamics of the tracking 

error within the sliding surface. In (Castillo, Kutlu, and Atan, 2020), two intuitionistic fuzzy 
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controllers were designed separately, one for the main rotors and the other is for the tail rotors. 

The output was obtained from combining them. Because of the MIMO twin-rotor system 

configuration, it has many uncertainties. The intuitionistic fuzzy control provides an alternative to 

the optimal PID method under system uncertainties. The Simulation results showed that 

intuitionistic fuzzy control increases the reference signal's efficiency according to the PID system. 

The control method is designed to provide good performance on highly nonlinear systems, in 

which uncertainties are often modeled. In (Hassan, Hossam and El-Badawy, 2020), robust H∞ 

controller  was designed. The nonlinear mathematical model of TRAS was obtained by using 

Euler’s law and then linearized about an equilibrium point. The proposed control strategies for 

trajectory tracking can be shown to be successful. In (Goyal et al., 2020), a robust Linear Matrix 

Inequality (LMI) based PI controller was designed for tracking control of a TRAS. The system 

model was represented in a linear form from nonlinear that does not involve dropping any higher-

order term. The proposed controller with a decentralized structure was contributed to removing 

the cross-coupling between two TRAS channels. Furthermore, it was provided a better setpoint 

tracking result in good robust performance. 

 

 
 

Figure 1. Block diagram of the TRAS system. 

 

The rest of this paper is organized as follows. Section 2 describes the TRAS's mathematical model; 

Section 3 presents an overview of the PID controller design and the design of a Lead compensator; 

experimental results are presented and discussed in Section 4, and concluding remarks are given 

in Section 5. 
 

2. TRAS MODEL 

A Lagrange’s equations are used to derive the equations that represent the dynamics of the TRAS. 

The mathematical model of the TRAS is given by: 

 

𝐽𝜙�̈� = 𝐹t(𝜔𝑡)𝑙t 𝑐𝑜𝑠 𝜃 − (𝑐𝜙�̇� + 𝑘𝜙𝜙) + 𝐽�̇��̇� 𝑠𝑖𝑛(2𝜃) (1) 

𝐽𝜃�̈� = 𝐹m(𝜔m)𝑙m − (𝑐𝜃�̇� + 𝑘𝜃𝜃) − (𝑘1 𝑐𝑜𝑠 𝜃 + 𝑘2 𝑠𝑖𝑛 𝜃) − 𝐽
�̇�2

2
𝑠𝑖𝑛(2𝜃)  (2) 
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The parameters 𝐽𝜙 and 𝐽𝜃 represent the sums of moments of inertia relative to the vertical axis and 

the horizontal axis, respectively; they are:  

 

𝐽𝜙 = 𝑚m𝑙m
2 cos2𝜃 + 𝑚t𝑙t

2cos2𝜃 + 2𝑚cw𝑙cw
2 sin

2𝜃 = 𝐽cos2𝜃 + 𝐽𝐴          

𝐽𝐴 = 𝑚cw𝑙cw
2                                                                                             

𝐽 = 𝑚m𝑙m
2 + 𝑚t𝑙t

2 − 𝑚cw𝑙cw
2                         

𝐽𝜃 = 𝑚m𝑙m
2 + 𝑚t𝑙t

2 + 𝑚cw𝑙cw
2                      

𝑘1 = 𝑔((𝑚m𝑙m − 𝑚t𝑙t)                

𝑘2 = 𝑔𝑚cw𝑙cw  

 

where:    

                         

𝑚m =the mass of the main rotor 

𝑚t = the mass of the tail rotor 

𝑚cw = the mass of the point mass mounted at the end of the counterweight rods.    

𝐹t = propulsive force for the tail rotor 

𝐹m = propulsive force for the main rotor 

ωt = the angular velocity of the tail rotor 

ωm = the angular velocity of the main rotor 

𝑐𝜙 = coefficient of velocity-proportional friction torque in the horizontal plane   

𝑘𝜙 = coefficient of restoring torque in the horizontal plane 

𝑐𝜃 = coefficient of velocity-proportional friction torque in the vertical plane  

𝑘𝜃 = coefficient of restoring torque in the vertical plane 

 

The differential equations Eq.(1) and Eq.(2) are nonlinear in 𝜙 and 𝜃 and have cross-coupling 

terms. The differential equations describe the dynamics of the tail and main motors: 

 

ωṫ = −
1

𝑇t
ωt +

𝑔t

𝑇t
𝑢t (3)                           

ωṁ = −
1

𝑇m
ω𝑚 +

𝑔m

𝑇m
𝑢m (4)                                                               

 

where : 

 

𝑇t is the time constant of the tail rotor 

𝑔t is the DC gain of the tail rotor 

𝑢t is the input voltage applied to the tail rotor 

𝑇m is the time constant of the main rotor 

𝑔m is the DC gain of the main rotor 

𝑢m is the input voltage applied to the main roto       

Defining a state vector, an input vector, and an output vector respectively as: 

 

𝒙 = [𝜙, �̇�, 𝜔t, 𝜃, �̇�, 𝜔m]𝑇 (5) 

𝒖 = [𝑢𝜙 𝑢𝜃]𝑇 (6) 

𝒚 = [𝜙 𝜃]𝑇 (7) 
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The state space equation is  �̇� = 𝒇(𝒙,  𝒖) and it is : 

 

�̇� =  

[
 
 
 
 
 
 
 
 

𝑥2
1

𝐽𝑐𝑜𝑠2𝑥4+𝐽𝐴
(𝐹𝜙(𝑥3)𝑙𝑡𝑐𝑜𝑠𝑥4 − 𝑐𝜙𝑥2 − 𝑘𝜙𝑥1 + 𝐽𝑥2𝑥5𝑠𝑖𝑛2𝑥4)

−
1

𝑇1
𝑥3 +

1

𝑐1𝑇1
𝑢𝜙

𝑥5
1

𝐽𝜃
(𝐹𝜃(𝑥6)𝑙𝑚 − 𝑘1𝑐𝑜𝑠𝑥4 − 𝑘2𝑠𝑖𝑛𝑥4 −

𝐽

2
𝑥2

2𝑠𝑖𝑛2𝑥4 − 𝑐𝜃𝑥5 − 𝑘𝜃𝑥4)

−
1

𝑇2
𝑥6 +

1

𝑐2𝑇2
𝑢𝜃 ]

 
 
 
 
 
 
 
 

 (8) 

                                                                                                                                                                                                                                                                                                                                                                                

and the output equation is: 

 

𝒚 = [
1 0 0 0 0 0
0 0 0 1 0 0

]
 

[𝑥1𝑥2 𝑥3𝑥4𝑥5 𝑥6  ]
𝑇 (9)                          

 
 

3. DESIGN OF A LEAD COMPENSATOR 

The proposed hybrid controller, the  PIDLC, has two parts. The first part is a PID controller, and 

the second part is a Lead compensator that is proposed in this paper using the root locus method. 

The PID controller was designed in (Abdulwahhab and Abbas, 2017) and (Abdulwahhab, 2018)  

using frequency response specifications for a linearized decoupled TRAS model; its nonlinear 

differential equation was linearized about certain operating point, and the controller was tuned 

based on the linearized mode. 

Linearizing the system at the operating point(𝜙, �̇�, 𝜔t, 𝜃, �̇�, 𝜔m, 𝑢t, 𝑢m) =

(0,0,0, −0.7098,0,0,0,0) results in a linear decoupled MIMO system. The transfer function matrix 

of the linearized decoupled TRAS is : 

 

𝐺(𝑠) = [

 9.2461

(𝑠+0.2)(𝑠2+1.27𝑠+7.619)
0

0
3.7265

(𝑠+0.4)(𝑠2+0.179𝑠+3.126)

]  (10) 

The PID controller equation is: 𝑢(𝑡) = 𝐾𝑃 (𝑒) + 𝐾𝐼 ∫ (𝑒)
𝑡

0
+ 𝐾𝐷

𝑑

𝑑𝑥
(𝑒) where  𝐾𝑃, 𝐾𝐼 , 𝐾𝐷  > 0. 

The control system was designed as a two SISO system, as shown in Fig. 3. 

where 𝐺11(𝑠) and 𝐺22(𝑠) are the diagonal elements of the transfer function matrix in Eq. 

(10). 𝐺11(𝑠) represents the decoupled transfer function of the azimuth angle 𝜙 (horizontal 

subsystem), which is controlled by the controller PID𝜙(𝑠) and 𝐺22(𝑠) represents the decoupled 

transfer function of the pitch angle 𝜃 (vertical subsystem), which is controlled by the controller 

PID𝜃 (𝑠); PID𝜙(𝑠) and PID𝜃 were designed in (Abdulwahhab and Abbas, 2017) 

(Abdulwahhab, 2018) and are given by: 

 

PID𝜙(𝑠) =
0.1032 𝑠2 + 0.1909 𝑠 + 0.05095

0.1899 𝑠2 + 𝑠
  (11) 

PID𝜃(𝑠) =
0.02984 𝑠2 + 0.1 𝑠 + 0.07334

0.108 𝑠2 + 𝑠
  (12) 
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Figure 2.  Block Diagram of the TRAS Feedback  Control System. 

 

 

 
Figure 3. TRAS in Linearized decoupled model. 

 

To design a lead compensator using root locus method, the following procedure was adopted: 

Step 1: The values of poles and zeros of the open-loop transfer function are represented in Fig. 4, 

then a suitable desired point (Pd), which represents a dominant closed-loop pole, is suggested to 

shift the critical pole to the left. Let 𝑃1 = −𝑐 + 𝑗𝑑, 𝑃2 = −𝑒 + 𝑗𝑓, 𝑃3 = −𝑔 + 𝑗ℎ, and 𝑃4 = −𝑚 +
𝑗𝑛  be open-loop poles or zero. 

Step 2: Determining if the angle from a pole or zero to the desired dominant closed-loop pole. It 

is measured counterclockwise (Ogata, 2009), as shown in Fig. 4. The 𝜃1, 𝜃2 , 𝜃3 and 𝜃4 are : 

 

𝜃1 = 180° − tan-1 𝑏−𝑑

𝑎−𝑐
         if   𝑎 > 𝑐  and 𝑏 > 𝑑   (13) 

𝜃2 = tan-1 𝑏−𝑓

𝑒−𝑎
                       if   𝑒 > 𝑎  and  𝑏 > 𝑓  (14)    

𝜃3 = 180° + tan-1 ℎ−𝑏

𝑎−𝑔
         if   𝑎 > 𝑔 and  𝑏 < ℎ (15) 

𝜃4 = 360° − tan-1 𝑛−𝑏

𝑚−𝑎
        if  𝑎 < 𝑚 and  𝑏 < 𝑛  (16) 

Step 3: The lead compensator has a transfer function 𝐶(𝑠) = 𝐾𝑐
(𝑠+ 𝑍𝑐)

(𝑠 + 𝑃𝑐)
 where 𝑍𝑐 < 𝑃𝑐. The lead 

compensator zero must be to the right of the lead compensator pole, as shown in Fig. 5. 
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Figure 4. Desired closed-loop pole and open-loop Poles and Zeroes. 

 

 
Figure 5.  Illustration of 𝑍cand 𝑃c. 

 

Step 4: Calculating the angle of deficiency. The lead compensator must contribute this angle if 

the new root locus is to pass through the desired locations for the dominant closed-loop poles 

(Ogata, 2009). Firstly, find the summation of open-loop poles and zeroes angle with respect to the 

dominant point  as: 

 

 −∑∠poles + ∑∠zeros = 𝜓   (17) 

 

The resultant angle 𝜓 must be negative. Secondly, calculate deficiency angle where:  
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 Deficiency angle = 180° − 𝜓 = −𝛾   (18) 

 

After that, the sum of compensator poles and zeroes must be determined. From the low of the sum 

of the triangle's angles:  

 

𝜃 + 𝛾 + (180 − 𝜙) = 180°  (19) 

So, 𝜙 = 𝜃 + 𝛾  (20) 

Step 5: The location of the zero 𝑠 = −𝑍c can be chosen arbitrarily. The location of the pole 𝑠 =
−𝑃𝑐 can be determined as follows: 

 

𝜙 = tan-1 𝑏

𝑍𝑐−𝑎
   (21) 

tan 𝜃 = tan(𝜙 − 𝛾) =
𝑏

𝑃𝑐−𝑎
   (22) 

𝑃𝑐 =
b

tan(ϕ−γ)
+ 𝑎  (23) 

 

Step 6: Finally, determining the value of the lead compensator gain 𝐾𝑐 from the magnitude 

condition: 

 

𝐾𝑐 =
1

|𝐺(𝑠)⋅𝑃𝑙𝐷(𝑠)⋅
(𝑠+𝑍𝑐)

(𝑠+𝑃𝑐)
|
  (24) 

In this paper, 𝑧𝑐 has been chosen arbitrary equal to 0.1, since this value is small enough to make 

the rule of the lead compensator 𝑍𝑐 <  𝑃𝑐. Utilizing equations Eq. (23) and Eq. (24) to design the 

remaining compensator parameters 𝑃𝑐 and 𝐾𝑐, respectively, the resultant compensator parameters 

for the two channels are shown in Table 1. Thus, the two compensators are: 

 

𝐶𝜙 =
0.1438∗( 𝑠+0.1)

(𝑠+0.1321)
  (25) 

𝐶𝜃 =
0.4603∗( 𝑠+0.1)

(𝑠+0.1272)
    (26) 

Using compensator design, the close loop's imaginary poles were shifted to the left to make the 

TRAS more stable compared with TRAS without the compensator. 

 

4. SIMULATION RESULTS AND DISCUSSION 

A simulation was carried out using MATLAB/Simulink tool. The closed-loop system's responses 

with designed PIDLC obtained, as shown in Fig.  6, where the controller was applied to the 

nonlinear decoupled TRAS system.  

From Fig. 6, it is clear that the oscillation of response was eliminated, and the relative stability of 

the system was increased so that the PIDLC outperforms the PID controller. As a result, the poles 

in close loop pulls to the left, as shown in Table 1.    
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A new performance index, designated by Integral  Reciprocal-Time Absolute Error (IRTAE), is 

proposed in this paper. It is defined by: 

 

IRTAB = ∫  
∞

0

1

𝑡
|𝑒(𝑡)|𝑑𝑡   (27)                                     

where ϵ is a sufficiently small positive number. In this paper, ϵ=0.001. IRTAE is a measure of how 

much the system oscillates in its transient part. For the PID based control system, its value is 5.612, 

while for the PIDLC based system, its value is 5.574; thus, the percentage improvement in this 

performance index is 0.6771%. 

 

 
 

             (a)                                                                                            (b) 

Figure 6.  Step response of the TRAS with PID and PIDLC for (a) Azmith angle and input 

voltage to the tail rotor (b) Pitch angle and input voltage to the main rotor. 

 

5. CONCLUSIONS 

In this paper, a hybrid controller is proposed, which is a PID-Lead compensator (PIDLC) by 

combining frequency response and root locus design methods. The PIDLC enhances the relative 

stability of the control system compared to the original PID controller. This was demonstrated by 

enhancing the IRTAE performance index's value, which measures the oscillation of the system's 

Table 1.  The values of TRAS with and without Lead compensator. 
 

Channel 

Without compensator With compensator 

Open-loop Poles 
Open-loop 

Zeros 
Closed-loop Poles Closed-loop Poles 𝑍𝑐 𝑃𝑐 𝐾𝑐  

𝜙 

0 

-5.2659 

-0.1764 + 1.4441i 

-0.1764 - 1.4441i 

-0.2 

-1.5264 

-0.3235 

-5.2919 

-0.0899 + 1.4816i 

-0.0899 - 1.4816i 

-0.1735 + 0.1214i 

-0.1735 - 0.1214i 

-5.2661 

-0.1542 + 1.4344i 

-0.1542 - 1.4344i 

-0.9674 

-0.1294 + 0.0602i 

-0.1294 - 0.0602i 

0.1 0.1321 0.1438 

𝜃 

0 

-9.2593 

-0.0895 + 2.1037i 

-0.0895 - 2.1037i 

-0.3999 

 

-2.2671 

-1.0841 

 

-9.2674 

-0.0495 + 2.1131i 

-0.0495 - 2.1131i 

-0.2360 + 0.0738i 

-0.2360 - 0.0738i 

-9.2630 

-0.0712 + 2.1080i 

-0.0712 - 2.1080i 

-0.3451 

-0.1656 

-0.0495 

0.1 0.1272 0.4603 
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transient response. However, the proposed controller increases the rise time, which is considered 

a drawback. The trade-off between relative stability and rise time can be further investigated in 

future work. 
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