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ABSTRACT 

Active vibration control is the main problem in different structure. Smart material like 

piezoelectric make a structure smart, adaptive and self-controlling so, they are effective in active 

vibration control. In this paper piezoelectric elements are used as sensors and actuators in 

flexible structures for sensing and actuating purposes, and to control the vibration of a cantilever 

beam by using sliding mode control. The sliding mode controller (SMC) is designed to attenuate 

the vibration induced by initial tip displacement which is equal to 15 mm.  It is designed based 

on the balance realization reduction method where three states are selected for the reduced model 

from the 24
th

 states that describe the cantilever beam according to the FEM. These states are 

most controllable and observable. The stability and control performance for the proposed SMC 

are proved using candidate Lyapunov function and the equivalent control concept. The control 

spillover, which is the sources of instability, is completely avoided as ensured within the control 

performance proof. 

 Numerical simulations are preformed to test the vibration attenuation ability of the 

proposed SMC. For 15 mm initial tip displacement, the piezoelectric actuator was found able to 

reduce the tip displacement to about (0.2) mm within (2.5 s), while it is equal to (3.5) mm with 

the open loop case. Moreover, the induced chattering in system response, due to the 

discontinuous control action, is removed by approximating the signum function by a continuous 

arctan function. As a result  a smoother response are obtained with the same control performance 

as can be shown in the sliding variable, the control input voltage and the tip displacement plots. 

 

Keywords:  Active vibration control, Finite Element, sliding mode control, sliding mode 

observer, spillover. 

 

  لتخميذ الاهتشاساث للعتبت الذكيت  الشكل تصميم مسيطز منشلق

 
     عماد عبذ الحسين عبذ الصاحب                                     شبلي احمذ السامزائي                             محسن نوري حمشة                   

 يذسط يغاعذ                        أعرار يغاعذ                                                              أعرار يغاعذ                                

 انجايعح انركُٕنٕجٍح                انجايعح انركُٕنٕجٍح                                                  انجايعح انركُٕنٕجٍح                            

 قغى انُٓذعح انًٍكاٍَكٍح                                       ٔانُظى انغٍطشج ُْذعح قغى                      قغى انُٓذعح انًٍكاٍَكٍح                  

 

 الخلاصت 

 ًٕاد انكٓشٔظغطٍحنا يثم انزكٍح انًٕادذغرخذو . يخرهف انٍٓاكم فً انشئٍغٍح كماانًش ذعرثش يٍ اخالاْرضاص عهى اٌ انغٍطشج

ذى اعرخذاو انًٕاد انكٓشٔظغطٍح  انثذث ْزِ فً. اخالاْرضاصعهى  انغٍطشج فً فعانح ًْٔ انغٍطشج، راذٍح ركٍح، انٍٓاكم جعمن

 ذصًٍى ذى .انًغٍطش انًُضنق انشكم تاعرخذاو نهعرثح الاْرضاص عهى انغٍطشجانًشٌ ٔنغشض  مكٍٓان فً كًرذغغاخ ٔيؤثشاخ

ى اعرخذاو غشٌقح ذ ،يهى 57 تًقذاس انعرثح غشف اصادح عٍ انُاجى انزي يٍ شأَّ ذخفٍف الاْرضاصٔكم يغٍطش انًُضنق انش

(Balance realization لاخرٍاس ًَٕرج يخفط دٍث ٌكٌٕ ْزا انًُٕرج )ثلاثحقاتهٍح عهى انغٍطشج ٔانرخًٍٍ. ذى اخرٍاس  أكثش 

 ًْانًرغٍشاخ انثلاثح انرً ذى اخرٍاسْا  ْزِ .يرغٍش 46ٌ تعذد ٔانزي كا انُظاو الأصهً عٍيرغٍشاخ دانح نهًُٕرج انًخفط 

 Lyapunov ) واعرخذتا ذى اثثاذّ انًقرشح (SMCنهًغٍطش ) انغٍطشجٔفعانٍح  الاعرقشاس. قاتهٍح عهى انغٍطشج ٔانرخًٍٍ الأكثش
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function  )ذى ذجُثٓا تشكم كايم يٍ  اسالاعرقش عذو يصادسيٍ  ًْ انرًذذاعٍاخ انًغٍطش ٔ اٌانًكافئ.  انغٍطشج ٔيفٕٓو

اصادح غشف ذى الاْرضاص.  ذخًٍذتاعرخذاو انًذاكاج انعذدٌح ذى اخرثاس قذسج َظاو انغٍطشج انًقرشح نرقهٍم ٔ .خلال أداء انًغٍطش

يهى  2.4( قادسج عهى ذقهٍم الاصادح إنى دٕانً piz) ًادج انكٓشظغطٍحنه( actuator) انًؤثشاخٔجذ تاٌ دٍد يى،  57انعرثح 

( تاعرخذاو دانح chatteringأٌعا ذى انرغهة عهى ظاْشج انرزتزب )يهى فً انذانح انذشج.  5.7فً دٍٍ أَّ ٌغأي  ثاٍَح، 4.7تعذ 

 الأداء فظٔتُ علاعح أكثش اعرجاتح عهى انذصٕل ذى نزنك َٔرٍجحانقٕعً انرقشٌة نذانح الإشاسج عٍ غشٌق دانح ظم انضأٌح 

 .فٕنرٍح انًغٍطش ٔكزنك إصادح ساط انعرثح انًُضنق،انغطخ  اخثح نًخططذى يشاْذذّ تانُغ كًانهًغٍطش 

 

انًغٍطش انًُضنق انشكم، انًخًٍ انًُضنق انشكم، انغٍطشج انفعانح عهى الاْرضاصاخ، انعُاصش انًذذدج، الكلماث الزئيسيت: 

 انرذاعٍاخ

 

1. INTRODUCTION 

The increasing demand of high structural performance requirements has led to the developments 

of smart materials and structures. A smart structure has the  capability to respond to change 

external environment (such as loads, temperature  and  shape)  as well as  to change internal 

environment (such as damage or failure).This  technology  has  numerous applications, such as 

active vibration and buckling control, shape  control,  damage  assessment and active noise 

control. The development of these smart or structures offer great potential or use in advanced 

aerospace, hydrospace, nuclear, and automotive structural applications, Bandyopadhyay, 2005. 

  

The system is called a smart structure because it has the ability to perform self-controlling. 
One way of making the structure as smart is done by the use of piezoelectric materials. The 

technology of smart materials and structures especially piezoelectric smart structures has become 

mature over the last decade. The application of piezoelectric smart structures is the control and 

suppression of unwanted structural vibrations, Balamurugan‎, 2000. 

 

The main advantages of piezoelectric actuators are fast response, high power density and 

large force output. Piezoelectric materials can be effectively used for active vibration control 

with fast response and easy implementation. The electricity for the piezoelectric is produced by 

pressure (Direct Effect) Conversely,  a  piezoelectric  material  deforms  when  it  is subjected  to  

an  electric  field  (Converse  Effect).  The piezoelectric sensor senses  the  external  disturbances  

and generates  voltage  due  to  direct  piezoelectric  effect  while piezoelectric  actuator  

produces  force  due  to  converse piezoelectric effect which can be used as controlling force, 

Kumar, et al., 2014. 
 

To simulate the behavior of mechanical structures under inertia and external loads, very few 

analytical solutions for specific situations are available. For this reason, the discretization of 

these structures is the basic step for a static and dynamic further analysis. One possibility for this 

step is provided by the finite element method. In mathematical terms, finite elements are a 

numerical method for solving systems, and generally used to eliminate all spatial derivatives by 

increasing, at the same time, the number of the resulting new equations in the system, Sachs, 

2004. 

 

The structure is modeled to retain large number of degrees of freedoms. In active vibration 

control, the use of smaller order model has computational advantages. Therefore, it is necessary 

to apply a model reduction techniques  in order to get a reduced model size for which the control 

law can be designed. One of these techniques is based on balance realization method, Inman, 
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‎2002. For closed-loop system, it is not always possible to get a control law that causes 

eigenvalues to have the required and desired ‎values. This problem raises the concept ‎of 

controllability. The system is completely controllable if every state variable ‎can be affected in 

such a way as to cause it to reach a particular value ‎within a finite amount of time by some 

unbounded ‎control. Then more useful measure is provided for asymptotically stable systems of 

the form given by equations by defining the controllability gramian. Gramian matrices can be 

used for checking if a system is controllable and observable, Zhou, et al., 1999.‎ 

To control vibration of a piezoelectric smart structure, a controller usually designed based on 

a reduced order model (ROM) of the system form; whereas, finite element models inevitably 

have a large number of degrees of freedom.  When such a ROM based controller is applied to the 

full order system, actuator forces for reducing the vibration of the lower modes will also 

influence the residual modes of the structure and produce undesirable vibration due to the un-

modeled dynamics. This phenomenon is known as control spillover, Meirovitch, 1990‎. Spillover 

phenomenon occurs because the unmodeled dynamics, which are not included in reduce order 

model, will be excited. Different control techniques have been suggested and investigated in the 

control of smart structure. Some of these studies are linear quadratic regulator (LQR) approach, 

Dorf,‎ 2003, sliding mode control, Utkin, et al., 2009,    control,    control, Oveisi and 

Nestorović,‎2014.  
 

The sliding mode control method, first proposed in the early fifties, is one of the control 

design methods to dominate the uncertainties and disturbances acting on the systems. It is been 

obtained as significant research attention since early sixties in the former USSR and has been 

widely applied in a variety of applications, Bartolini, 2003, Biswas, 2009, Qaiser, 2009. Sliding 

mode control (SMC) is a particular type of the so-called Variable Structure Control (VSC) that 

changes the control direction to drive the system to a specified manifold in the state space and 

then keep the system within a neighborhood of this manifold. Sliding mode control is designed a 

controller such that the motion of the system tends to slide mode surface. Therefore designing a 

SMC consists of two stages; finding a sliding surface (defined as a desired linear combination of 

system states such as displacement, velocity, and  acceleration)  to  stabilize  the  controlled  

system, and find a control force  to  drive  the  response  trajectory  into  the  sliding  surface with  

an exponential speed in time, Itik and Salamci, 2005.  

 

The main feature of sliding mode control is its insensitivity to some class of uncertainties, 

which makes it attractive in the control applications for uncertain systems. The sliding mode 

control method has some advantages such as robustness to parameter uncertainty, insensitivity to 

bounded disturbances, fast dynamic response, and easy implementation of the controller, 

Magnani, 2007, Ferrara and Vecchio, 2009, and Capisani, 2009. The method enables the 

decoupling of overall system motion into independent partial components of low dimension and 

as a result reduces the complexity of feedback design Sliding  mode  theory  has  been  

recognized as a robust  control  approach  in  treating disturbances  and  modeling  uncertainties  

through  the concepts of sliding surface design and equivalent  control, Utkin, et al., 2009. 
 

 The aim of the present paper is to design sliding mode control to attenuate the vibration of a 

smart cantilever beam using piezoelectric element. The model utilized for control design purpose 

is the reduced order model that is obtained according to the balance realization method.  Based 

on the equivalent control the performance of the proposed SMC is ensured via satisfying the 
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control performance condition. Consequently the control spillover is eliminated by satisfying this 

condition.  

 

2. SMART CANTILEVER SYSTEM MODEL 

The model of cantilever flexible beam studied here is given in Fig.1. The cantilever beam 

bonded with the same place pair of piezoelectric sensor / actuator near the fixed end.  By using 

the Euler-Bernoulli beam equation, the infinite dimensional mathematical expression of the 

beam can be written as follows, Bandyopadhyay, 2007. 

 

          

   
  

        

   
                                                                                                      (1) 

 

where        ⁄            is the deflection along the  -axis,   is the Young's modulus,   is 

the moment of inertia,   is the cross sectional area, and   is the density of the beam. The partial 

differential equation (PDE) given by Eq. (1) can be solved by using the supposed mode 

approach, which yields finite dimensional ordinary differential equation set.  

 

The dynamic equation of the smart structure is obtained by using both regular beam element 

and piezoelectric beam elements. The mass and stiffness matrices of the smart structure include 

sensor/actuator mass and stiffness, Chhabra, et al., 2012. The entire structure is modelled in 

state space form using the Finite Element Method (FEM) by dividing the structure into six equal 

finite elements. The sensor and actuator were integrated on the top and bottom surfaces at the 

second element from the fixed end of the beam. A  beam  element  is  considered  with  two  

nodes  at  its  end. Each node having two degree of freedom (DOF) (translation and rotation) is 

considered. The mass and stiffness matrix is derived using shape functions for the beam element. 

When a system vibrates, it undergoes back and forth motion, it has transverse displacements, so 

all positions vary with time, and therefore, the system has velocities and accelerations. The 

equation of motion, involves a fourth order derivative w.r.t.( x ) and a second order derivative 

w.r.t. time (acceleration) The solution of the Eq. (1) is assumed as a cubic polynomial function 

of (x) given by: 

 

                 
       

                                                                                     (2) 

 

where      is displacement function which satisfies the fourth order partial differential equation 

(1). The constants      to      are obtained by using the boundary conditions given below at both 

the nodal points (fixed end and free end). Consider the derivative of       as:  

  
  

  
                

                                                                                               (3) 

 

then at       ,                 and    
  

  
      .   Also  at      ,  

                     
      

  ,  and   
  

  
                   

  

 

where                  are Degree of Freedom at node 1 and 2, respectively and   is the length of 

the regular beam. The relation between                  and the constants      to     is 

represented in a matrix form as, 
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Solving for     to     yields; 
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Substituting  the  constants  obtained  from  (5)  into  (2)  and  by rearranging the terms, the final 

form for      is obtained as: 

      
 

  
                                                                  [

  

  

  

  

]

                                                                                   (6) 

 

or                                                                                                                                     (7)  

     

where   is the shape function and   is the displacements at the nodes, which are given by 

 

  
 

  
                                                                             (8) 

 

                   
                                                                                                        (9)

  

The strain energy   and the kinetic energy   for the beam element with uniform cross section in 

bending is obtained as:  
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                                            (10) 

 

  
    

 
∫ *
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∫   ̇              ̇           

 

  
                                             (11) 

 

where    is the mass density of the beam material,    is the cross sectional area  of  the  beam, 

    is  the  moment  of  inertia  of  the  beam,  and      is  the modulus  of  elasticity  of  the  

beam  material.  The equation of motion of the regular beam element is obtained by using the 

Lagrangian equation:  

 
  

  
 *

   

  ̇ 
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+                                                                                                           (12) 
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For free vibration,     . The strain energy   and the kinetic energy   in terms of the shape 

function   and   are 

 

  
    

 
∫    

   ̇       
  ̇     

 

  
   

    

 
∫  ̇     
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Accordingly  
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    ̇                                                                                          (14) 
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+ =     ̈                                                                                          (15)   

 

where    is the mass matrix of regular beam  
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Also for the strain energy, 
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                                                                             (17)  

one can obtain 

 

*
   

   
+                                                                                                                            (18)  

  

          ∫       
     

 

  
                                                                                                     (19) 

  

where    is the stiffeness matrix of regular beam  

 

         ∫       
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]                                  (20) 

 

Eventually the equation of motion according to the Lagrangian equation is:   

 

    ̈                                                                                                                (21)   
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where     ,   ,    ,     are the forces  and  the bending moments acting on nodes 1 and 2 

respectively Fig.1. When  PZT  patches  are  assumed  as  Euler-Bernoulli  beam elements the 

elemental mass and stiffness matrices  of PZT beam element can be computed in similar fashion 

as, Bandyopadhyay, 2007. 
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The  smart  beam  element  is  obtained  by  sandwiching  the regular  beam  element  in  

between  the  two  PZT  patches Fig. 1.  

In which                        is  the  flexural  rigidity  and                   )  is  the  

mass  per  unit  length  of  smart beam  element,     is  the  thickness  of  PZT  patches thickness  

of  Actuator  and  Sensor, and     
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)
 

. So  the  elemental  mass and stiffness 

matrices of smart beam element are: 
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2.1 Sensor and Actuator Equations        

The sensor equation is derived from the direct piezoelectric equation, which is used to calculate 

the total charge created by the strain in the structure. Piezoelectric materials can be used as strain 

rate sensors. When used so, the output charge can be transformed into the sensor current      , 

Bandyopadhyay, 2007. 

 

              ∫    
  ̇    

     
  

                                                                                                (27) 

 

where, z = 
  

 
    and    is the second spatial derivative of the shape function,     is the 

piezoelectric stress constant. 

The output current of the piezoelectric sensor measures the moment rate of the flexible beam. 

This current is converted into the open circuit sensor voltage       using a signal-conditioning 

device with the gain   , Bandyopadhyay, 2007. 
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 ̇ ]
 
 
 

    ̇                                 (28) 

 

where                  and    is a constant vector depends on the type of sensor, its 

characteristics and its location on the beam. The actuator equation is derived from the converse 

piezoelectric equation. The strain developed    by the electric field    on the actuator layer is 

given by, Jalili, 2010. 

 

                                                                                                         (29) 

 

where,     
     

  
  is the electric field, and        is the input voltage applied to the piezoelectric 

actuator in the thickness direction   . Then the stress    that developed by the actuator is given 

by, Bandyopadhyay, 2007. 

 

          (
      

  
)                                                                                            (30) 

 

where    is‎the‎Young’s‎modulus‎of‎the‎piezoelectric‎and‎    is piezoelectric strain constant.  

The bending moment in a small cross section of the piezoelectric element is given by:       

 

            
   

                                                                                                                              (31) 

 

The resultant moment    acting on the beam element due to the applied voltage    is determined 

by integrating the stress in Eq. (30) throughout the structure thickness as: 

 

                                                                                                            (32) 
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The control force       produced by the actuator that is applied on the beam element is obtained 

as, Bandyopadhyay, 2007. 

 

                                                                                                                    (33) 

 

Alternatively,       can be expressed as: 

 

                                                                                                             (34) 

 

where, 

                                                                                                                            (35) 

 

 

3. DYNAMIC EQUATION OF SMART STRUCTURE 

The dynamic equation of the smart structure is obtained by using both the regular and 

piezoelectric beam elements (local matrices) given by Eq. (25) and Eq. (26). The mass and 

stiffness of the bonding or the adhesive between the master structure and the sensor / actuator 

pair is neglected. The mass and stiffness of the entire beam, which is divided into six finite 

elements with the piezo-patches placed at only one discrete location is assembled using the FEM 

technique and the assembled matrices (global matrices)   and   are obtained. The equation of 

motion of the smart structure is given by, Bandyopadhyay, 2007. 

 

     ̈                                                                                                            (36)  

 

where  ,                and   are the global mass matrix, global stiffness matrix of the smart 

beam, the external force applied to the beam, the controlling force from the actuator and the total 

force coefficient vector respectively.  

The generalized structural modal damping matrix   is introduced into Eq. (36) by using, 

Balamurugan and Narayanan, 2000,  Clough, 2007. 

 

                                                                                                    (37) 

 

where    and   are the frictional damping constant and the structural damping constant 

respectively. When applying the cantilever beam boundary condition, the system equation of 

motion for the 6-element cantilever beam is: 

 

     ̈     ̇                                                                                                       (38) 

 

For free vibration condition       equal to zero, so the remaining applied force on the system is 

the controlling force       exerted by the controller.  

  

3.1 State Space Model of the Smart Structure  

Many design tools and model reduction in modern control theory need a state space form for the 

mathematical model of a plant. Consequently, the smart flexible cantilever beam mathematical 

model can be written in state space form as follows;  
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Let     *
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+   and  ̈  [
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]  then the 6-element smart 

cvantilever beam sate space model is;  
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And in a matrix form 

 ̇               
                                                                                          (42) 

where   [

  

  

  

  

]      *
  

            
+          *

 
     

+  and           . 

 

with approperate zero and identity matrices dimensions. The sensor voltage is taken as the output 

of the system and the output equation is obtained as:  

 

               ̇    *
  

  
+                                                                                               (43) 

 

Thus, the sensor output equation in state space form is given by: 

 

               [

  

  

  

  

]                                                                                            (44) 

or, 

 

                                                                                                     (45) 

 

where             . The single input single output state space model (state equation and the 

output equation) of the smart structure developed for the system is given by Eqs. (44) and (47): 

 
 ̇               

                          
}                                                                                          (46) 
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With  
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                                                                                            (47) 

 

In the following section, the state space model is reduced via balance realization to a form and 

dimension more appropriate for controller and observer design. 

 

3.2 Model Reduction 

In the finite element modeling, the structure is modeled to retain large number of degrees of 

freedoms. In active vibration control, the use of smaller order model has computational 

advantages. Therefore, it is necessary to apply a model reduction technique to the state space 

representation. The reduced order system model extraction techniques solve the problem of the 

complexity by keeping the essential properties of the full model only, Inman, 2006. For the 

present work the 24
th

 order system model obtained from the finite element model is reduced to 

the three order using a model reduction technique based on balance realization. The approach 

taken for reduction the order of a given model based on deleting the coordinates, or modes, that 

are the least controllable and observable. To implement this idea, a measure of the degree of 

controllability and observability is needed. However, an alternative, more useful measure is 

provided for asymptotically stable systems of the form given by equations by defining the 

controllability grammian, denoted by   , as 

 

   
  ∫     

 
                                                                                                    (48) 

                                  

And the observability grammian, denoted by   , as , Inman, 2006. 

 

  
  ∫      

 
                                                                                                   (49) 

 

The matrices  ,  , and   defined as in Eq. (47). The properties of these matrices provide useful 

information about the controllability and observability of the closed-loop system. If the system is 

controllable (or observable), the matrix    (or   ) is nonsingular, Williams and Lawrence, 

2007. These grammians characterize the degree of controllability and observability by 

quantifying just how far away from being singular the matrices    and    are, Janardhanan, 

2013. 

Applying the idea of singular values as a measure of rank deficiency to the controllability 

and observability grammians yields a systematic model reduction method. The matrices    and  

   are symmetric and hence are similar to a diagonal matrix. There  is  equivalent  system  for  

which  these  two  grammians  are  both equal and diagonal. Such a system is called balanced 

system, also‎   and     must satisfy the two Liapunov-type equations: 
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}                                                                                                  (50) 

 

Now to transform the system to a balance realization form, this requires the determination of a 

transformation matrix   that will transform the system in Eq. (46) to: 

 

 ̇          
         

}                                                                                           (51) 

 

where                     and      . The controllability and observability 

grammians matrices are diagonal and equal to 

 ̂   ̂                       

where   ̂         ̂  are the controllability and observability grammians for system after 

applying the transformation   and the numbers    are the singular values of the grammians and 

are ordered such that,                      

Therefore the pair         could be uncontrollable pair since some of    could be equal to zero. 

Indeed there exists a subsystem (i.e., a reduced order model) which is still controllable and 

observable.   

Now the choice  

 

       
 

                                                                                            (52) 

will transform the grammians   
        

  to become equal and transform the system in Eq. (46) 

to a balanced realization form. Namely, 

 

 ̂ =  ̂  =Σ‎                                                                                          (53) 

 

where‎‎Σ‎can‎be‎written‎in‎terms‎of‎two‎set‎of‎the‎singular‎values‎     and      as  

 

∑  [
     

     
]                                                                                             (54) 

    

In this representation       describes‎the‎“strong”‎sub-systems to be retained and      the‎“weak”‎

sub-systems to be deleted. Conformally partitioning the matrices as 

 

    [
      

      
]

    [
  

  
]             

                 }
 
 

 
 

                                                                                                                   (55) 

 

and truncating the model, retaining         ,         and       as the reduced system, 

and‎deleting‎the‎“weak” internal subsystems, Inman, 2006. 
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4. SLIDING MODE CONTROL DESIGN 

This section is devoted to design a sliding mode controller to the smart cantilever beam using its 

reduced order model. The  sliding  mode  control  approach  is  recognized  as  one of  the 

efficient  tools  to  design  robust  controllers  for  complex  high-order  nonlinear dynamical  

systems  which‎‎are‎‎operating‎‎under‎‎parameter’s‎‎uncertainty‎‎or‎‎in presence  of  disturbance  

inputs, Al-khazraji and Hamzaoui, 2006. Sliding  mode  theory  has  been  recognized as a 

robust  control  approach  in  treating disturbances  and  modeling  uncertainties  through  the 

concepts of sliding surface design and equivalent  control. The equivalent control method means 

replacement of discontinuous control on the intersection of switching surfaces by a continuous 

one such that the state velocity vector lies in the tangential manifold, Utkin, et al., 2009.  

The major advantage of the sliding mode control design approach is the low sensitivity  to  

the system  model  parametric  variations  and  disturbances  which eliminates the necessity of  

exact modeling, Bandyopadhyay, 2005.  The sliding mode design method consists of two steps. 

The first step, a sliding surface is designed so that the state trajectory of the plant forced to the 

required surface, and the second step is to design a control law such that the system remains on 

the sliding surface. Therefore, the design of SMC includes the determination of sliding surface 

and controller design, Balamurugan and S. Narayanan, 2000. 

To design a sliding mode control to the reduced order model of the smart beam the 

Reduced Model (RM) and the Residual Model (RSM), Dorf, 2003. are presented here as 

follows; according to the balance realization the linear state model for the cantilever beam, as 

given in Eq. (51) are rewritten as follow; 

 
 ̇                 
 ̇                 
                           

}                                                                                                 (56) 

 

where      , is the reduced model states,         is the residual model states, and  

 

  [
   

      
       

   
          

           
],  

   [
  

   

  
       ], 

   [  
     

       ]  

 

where the pair          is a controllable pair with highest controllability and observability 

grammian. The RM of Eq. (51) from Eq. (56) is 

 

 ̇                                                                                                                         (57)  

  

In order to design a SMC for the reduced model, and as a first step, it is required to 

transform Eq. (57) to the so-called Regular Form (RF). The sliding mode control had two-stage 

design procedure which is the selection a switching manifold and then finding control enforcing 

sliding mode in this manifold, these two stage becomes simpler for systems in RF. The regular 

form consists of two blocks; the first block does not depend on control, whereas the dimension of 
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the second block coincides with that of the control, Utkin, et al., 2009. The RM is decomposed 

first to the form; 

 
 ̇                                
 ̇                                

}                                                                         (58)  

 

where:   

 

   *
   

   
+                  

 

    [
     

           
     

       

     
       

     
   

],        [
    

    
]    and  ,    [

   
       

   
   

]  

 

The required transformation matrix to the RF is presented in the following proposition. 

Proposition (1) The RM as given in Eq. (58) is transformed to the RF via the following 

transformation; 

 

  *
  

  
+       [

             
  

          
] *

   

   
+                                                                       (59) 

 

where   and   are the identity and zero matrices respectively with the matrix size given as the 

subscript. 

Proof: The validity of the transformation    can be proved as follows; first it is needed to show 

that    is a nonsingular matrix and then to show that the RM is transformed to the regular form 

via   . The transformation matrix    is nonsingular since, Bernstein,2009.   

 

           [
             

  

          
]  

                                 

 

Secondly, the RM in terms of the new state   is;  

 

 ̇         
                                                                                                           (60)  

 

All what it is necessary to prove it is that the control term        doesn’t‎appear in  ̇ . Namely; 

 

     [
             

  

          
] [

   

   
]  [

        

 ̂  

] 

 

Accordingly the RM dynamics becomes (The RF model); 

 

 ̇   ̂       ̂       ̂                   

 ̇   ̂       ̂       ̂      ̂   
}                                                                                   (61) 

Where  
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 ̂          
   [

 ̂    ̂   

 ̂    ̂   

] , and 

  ̂         [
 ̂  

 ̂  

]                                                         

Remark 1: By considering the transformation matrix   , which it is devoted to the RM state 

only, one can easily find the overall non-singular transformation matrix to system model state   

(Eq. (51)) in the form 

 

 ̂  [

  

  

  

]       [
  

           

                    
]                                                                          (62) 

 

And accordingly Eq. (51) is transformed to 

 ̇̂         
   ̂           

Or 

 ̇   ̂       ̂       ̂                  

 ̇   ̂       ̂       ̂         

 ̇   ̂       ̂       ̂         

}                                                                                  (63) 

 

Equation (63) can be named as the Total Regular Form (TRF) model where the RF model (Eq. 

(61)) is the upper part of it. 

Note (1) that                    and the total transformation from    to  ̂ is 

 

 ̂                                                                                                                                    (64) 

where  

                                                                                                                                           (65) 

    =    

Remark 2:  In the RF model in Eq. (61) the terms  ̂      and   ̂      are the matched and 

unmatched disturbances, Castaños and Fridman,2006. 

Proposition (2):  For the RF model in Eq. (61) with    , the sliding mode controller that will 

regulate the system state   to the origin is given by 

 

                                                                                                                                       (66)    

where  

                                                                                                                          (67) 

       
  ( ̂       ̂        ̂        ̂     )                                                              (68) 

                                                                                                                                     (69) 

  |   |
  | ̂     ̂  |        |  |                                                                            

(70) 

 

With the selection of the matrix   such that; 

i. the matrix   ( ̂     ̂    ) is Hurwitz 

ii. the matrix           must  has        negative roots plus one equal to zero value 

where  

      
  [( ̂      ̂   ) ( ̂      ̂   ) ( ̂     ̂  )]                               (15) 
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iii. the following control performance condition  is satisfied;  

 

           |  
 |          |  

 |                                                                                   

(14) 

 

Where   
  represents the real term of the      eigenvalue of          except zero and   

  

represents the real term of the     eigenvalue of   . The zero eigenvalue of          is due to 

constrain the system state to the sliding manifold    . 

 

Proof: the objective of the SMC is to direct the sliding variable   to the origin using a 

discontinuous control action. Accordingly, a SMC is designed such that it makes the derivative 

of the candidate Lyapunov function      
 

 
   negative definite. The time derivative of   is 

 ̇       ̇                                                              

and the time derivative of   is 

 ̇   ̇    ̇   ̂       ̂       ̂            ̂        ̂        ̂      
Select the control law as 

            

Where      and       are the nominal (continuous) and the discontinuous control terms, the  ̇ then 

becomes; 

 ̇   ̂       ̂        ̂        ̂                   ̂       ̂      

          ( ̂     ̂  )    

Where the control term    is selected to eliminate the known terms in  ̇ as; 

       
  ( ̂       ̂        ̂        ̂     )  

The term ( ̂     ̂  )   is the unknown term due to the unmeasurable (or estimated) states    

and for which    is devoted as follows; 

               

To this end  ̇ becomes; 

 ̇                 ( ̂     ̂  )    

     |   |             ( ̂     ̂  )    

where      . The discontinuous gain    is determined such that  ̇     . So let   be given 

by 

  |   |
  | ̂     ̂  |        |  |             

Then  ̇    becomes  

 ̇      ̇   { |   |             ( ̂     ̂  )  }  

           | ||   |       ( ̂     ̂  )    

           | ||   |      | ||( ̂     ̂  )  |   | |(|   |     | ̂     ̂  ||  |)                                            

  | |{|   |  (|   |
  | ̂     ̂  |        |  |    )   | ̂     ̂  ||  |}  

           | |{   | ̂     ̂  |       |  |  |  | }  

Since        |  |  |  |       , then   ̇     . This will lead to    ̇    after a finite 

interval of time. To this end, the attractiveness of the sliding variable   is proved but then it is 

required to show that the RM is asymptotically stable during sliding mode and also to derive the 

matrix   that will ensure the asymptotic stability of the control system. To show that the RM, as 
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given in Eq. (61), Eq. (67) is solved to    when    , to get         . Then sub    in the first 

equation in Eq. (61) to obtain the dynamics of    during sliding motion 

 

 ̇   ̂       ̂           ̂     ( ̂     ̂    )    ̂                   
 

For a controllable pair ( ̂     ̂   ) the matrix   can be selected such that the matrix ( ̂    

 ̂    ) is Hurwitz, which also determine the sliding motion dynamics. Now the objective is to 

derive the matrix     during sliding mode based on the equivalent control as follow; 

 

  ̇       ̂       ̂       ̂              ̂         ̂        ̂      

Solving for      

        
  { ̂       ̂       ̂       ̂        ̂        ̂    }  

 

            
  {( ̂      ̂   )   ( ̂      ̂   )   ( ̂     ̂  )  }  

            
  [( ̂      ̂   ) ( ̂      ̂   ) ( ̂     ̂  )] [

  

  

  

]   

            
  [( ̂      ̂   ) ( ̂      ̂   ) ( ̂     ̂  )] ̂  

            
  [( ̂      ̂   ) ( ̂      ̂   ) ( ̂     ̂  )]     

              where  

      
  [( ̂      ̂   ) ( ̂      ̂   ) ( ̂     ̂  )]  

 

Now sub     in Eq. (46) to get 

 ̇                         

For the control system to be asymptotically stable the matrix          must be Hurwitz. 

But since the state is constrained to the sliding manifold     during sliding motion (    is a 

hyperplane of dimension     in the state space) so one of the eigenvalue of          is equal 

to zero. Accordingly, the remaining     eigenvalues must be of negative real part. Finally, the 

performance of the proposed SMC to suppress the smart material vibration is determined by the 

eigenvalues of the control system during sliding motion. If the minimum (but differ from zero) 

absolute real term of the      eigenvalue of          is greater than that for the original 

system   , then the control system will attenuate and suppress the smart cantilever vibration 

effectively. This idea is coined in condition (72).                                                                                             

The sliding mode controller, as in Eq. (66), that grantted asymptotic stabilty of the reduce 

model, may also cause the unstability for the system dynamic which named the control spillover. 

In the following section the avoideness of spillover problem is proved to happen if the SMC 

staisfies the performance condition as given in proposition (2).   

  

4.1 Control Spillover Problem and control performance condition  
To control vibration of a smart structure, a controller is usually designed based on a reduced 

order model of the system. When such a reduce order model based controller is applied to the 

full order system model, the  actuating force that reduce the vibration of the lower modes will 

also influence the residual system model  of the structure. Consequently it may produce 

undesirable vibration due to the unmodeled dynamics. This phenomenon is known as control 

spillover, Meirovitch, 1990 .  
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In the proposed SMC presented in proposition 2,  the control spillover is avoided via the 

second condition imposed on the selection of the matrix  . Morover the smart cantilver beam 

dynamics with the SMC will be given by; 

  

 ̇                                                                                                                          (73) 

 

which represent the whole model matrix after applying the sliding mode control.  

Remark (3): the smart cantilver beam dynamics as given in Eq. (73) is derived based on the 

equivalent control concept in SMC theory.  

 

Remark (4): The second condition ii. can be used in measuring  the performance of the 

proposed controller; where a higher vibration suppression can be achieved for large difference 

between    and    . 

 

5. SIMULATION RESULTS AND DISCUSSION 

In this section the simulation results for a smart cantilever beam, which is subjected to an 

initial tip deflection, are presented. MATLAB software is used as a simulator to the cantilever 

beam system. The physical and geometrical specifications for the beam are given in Table 1 

below. To show that the derived model represents the system dynamics at least with respect to 

the dominant natural frequencies, the natural frequencies of the beam (Eq. 47) are calculated and 

compared with the natural frequencies obtained from the ANSYS program. The results are 

shown in Table 2 with a good agreement.  

 The balance realization and order reduction process for the system model had been 

performed to reduce its states form (24) states to (3) states, without significant affect to its 

dominant mode. This is demonstrated in Fig.2 in the Bode plot. The number of states is equal to 

the selected singular values in Table 3 for the diagonal elements of matrix Σ‎ (the diagonal 

elements are the singular values of the grammians               ). Acoordingly the reduced 

order model matrices are determined according to section three with approperate dimension and 

only three states. By using the reduce order model states      , the designed sliding mode 

controller is applied to the cantilever beam and the system is simulated for 15 mm initial tip 

displacement. To investigate the stability of the smart cantilever, (the total system model with 

the SMC), the eigenvalues are determined based on the equivalent control, i.e., during sliding 

motion.  The new system eigenvalues are presented in the second column of Table 4. In this 

table, in the second column, one of the eigenvalues (before the last one) is nearly equal to zero, 

while the minimum (but differ from zero) absolute real term is greater than that for the original 

system   (the first column).  This agrees with what has been pointed in section four. 

For the first set of numerical simulation, a (0.00001) ‎second is used as a period of 

integration to the sliding mode control system. In Fig.3, the controlled tip displacement is 

compared with the open loop case. The ability of the SMC in stabilizing the tip displacement is 

clarified in this figure where it required about 2.5 second only. In addition, the control input 

voltage to the ‎piezoelectric element, shown in Fig.4, is switched between     and      volt. 

This is a consequence of the discontinuous nature of the proposed SMC. Additionally the sliding 

variable is plotted in Fig.5 where it reaches zero value after a very small period of time. The 

oscillation of the sliding variable is because that the sliding variable dynamics is affected also by 

the remaining states which ignored during getting the reduced order model. 
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In the real application of the suggested controller, it may be difficult to use 0.00001 second 

as sampling time for the control input where it is required to change the control voltage after 

each 0.00001 second. In order to access the real situation, the time period for the control input is 

taken equal to 0.0025 second.  Consequently, the second set of numerical ‎simulation use these 

time numerical ‎values. The control performance is similar to the first set of simulation as 

clarified in Figs.6, 7 and 8 for the sliding variable, the tip displacement and the control input 

voltage respectively where, as can be seen, the vibration suppression ability is nearly the same as 

in the first set of simulation. This enhances the applicability of the suggested controller.  

 

From Figs.4 and 8 it can be seen that the control input voltage to the piezoelectric still 

actuated in full value in spite of the sliding variable equals ‎ zero approximately. This makes 

system chatter because the control voltage switches between the full input voltage due to the 

oscillation of the sliding variable   around the zero with a very small amplitude. To remove or 

attenuate the chattering effect, the signum function Eq. (69) is replaced by a continuous 

approximate function (the arc tan function), Edwards, et al., 1998. It is given by; 

        
 

 
             . Replacing        by the approximation given above will prevent 

chattering and smoothing the values of the input voltage as shown in Fig (9). Eventually the 

sliding variable and the tip displacement are shown in Figs.10 and 11 respectively, which proves 

that the control performance is as in the case of using signum function but with control voltage 

tends to zero after the beam vibration is die out. 

 

6. CONCLUSIONS 

In this paper, the sliding mode was designed to suppress the vibration induced in a 

cantilever smart beam subjected to an initial tip displacement. The state space model is obtained 

using the finite element approach and modal analysis resulting after appropriate modal reduction. 

During the theoretical calculations, the 24
th

 order system model obtained from the finite element 

model is reduced to the three order using a model reduction technique based on balance 

realization without affecting its dominant modes. For the proposed SMC, the control system 

stability and the control performance condition are derived in Eq. (71) and inequality (71) 

respectively. When the           matrix has        negative roots plus one equal to zero the 

control system is asymptotically stable and the control spillover is avoided. These results were 

proved by making the derivative of the candidate Lyapunov function negative definite and using 

the equivalent control concept and also clarified in Table 4 where 23 negative real eigenvalues 

plus one value very close to zero (1.056e-09). In addition, the control performance was 

maintained at the desired level via satisfying inequality (72) as can be detected in Table 4 where 

the largest eigenvalue (has negative sign) for the closed loop system is smaller than that for the 

open loop case. The numerical simulations prove the effectiveness and performance of the 

proposed SMC where the cantilever beam vibration is suppressed in effective way when 

compared to the open loop case. Finally, and in order to overcome the chattering problem the 

signum function was replaced with the approximation given by the arctan function with 

appropriate parameters. The chattering is attenuated; the sliding variable and the control voltage 

input are accordingly smoothed as shown in Figs.9 to 11 with the same control performance.  
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NOMENCLATURE  

   to        constants used in solution of the displacement function, dimensionless. 

    cross-section area of the beam element, mm
2
. 

    cross-section area of the piezoelectic element, mm
2
. 

   state matrix. 
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   width of the beam, mm. 

   input matrix. 

   constant which equal to √      

   output matrix. 

     piezoelectric constant, m/V. 

     piezoelectric stress/charge constant, VmN
-1 

    young modulus of the beam, GPa. 

    young modulus of the piezoelectric, GPa. 

      external force, N. 

       control force, N. 

  ,    force acting at the node, N 

    signal condition device, dimensionless. 

   constant vector. 

      sensor current, Amps. 

    stiffness matrix of the beam element. 

    stiffness matrix of the piezoelectric element. 

    length of the beam element, mm. 

   length of beam, mm. 

    mass matrix of the beam element. 

    mass matrix of the piezoelectric element. 

   shape function. 

   vector displacement. 

 ̇    velocity vector. 

  ̈  acceleration vector. 

    thickness of the actuator, mm. 

    thickness of the beam, mm. 

   kinetic energy. 

   control input, Volt. 

   Strain enegy. 

    actuaor voltage, Volt. 

    sensor voltage, Volt. 

        displacement function. 

   dgree of freedom. 

      damping coefficient, dimensionless. 

   strain. 

    density of the beam,  kg/m
3 

    Density of the piezoelectric patch  kg/m
3 
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Figure 1. Clamped-free flexible smart beam model 
 

Figure 2. Bode plot 

Figure 3. Tip Displacement for open loop and closed loop control system 
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Figure 4. The control input voltage to the piezoelectric 

 

Figure 5. The sliding variable   

 

 

Figure 6. The sliding variable   
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Figure 7. Tip Displacement for open loop and closed loop control system 

Figure 8. The control input voltage to the piezoelectric 

Figure 9. Control input voltage to the piezoelectric by using approximate function 
 

 



        

Journal of Engineering             Volume   22  September  2016 Number 9 
 

 

157 

 

Figure 10. The sliding variable   using approximate function 

 
Figure 11. Tip Displacement for open loop and closed loop control system using approximate 

function 

Table 1. The specification for the flexible cantilever beam and piezoelectric 

Physical Specification Cantilever Beam (st-st ) Piezoelectric 

Length L=276 mm la =46 mm 

Width b =33 mm b= 33 mm 

Thickness tb =1 mm ta = 0.762 mm 

Young modulus Eb =193.06 Gpa Ep = 68 Gpa 

Density ρb =8030 Kg/m
3
 ρp = 7700 Kg/m

3
 

Damping coefficients α‎=‎0.8‎‎&‎‎β‎=‎6.8E-5  
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Table 2. Natural frequency results of the system 

Natural Frequency 
MATLAB 

(Hz) 
ANSYS 

(Hz) 
Error% 

f1 11.878 11.421 3.125 

f2 61.376 61.148 0.372 

f3 181.06 180.1 0.558 

f4 153.5 151.3 1.45 

 

Table 3. Singular value of grammians matrix 

Σ‎=‎ 

                                                                                    

                                                                   

                                                               

Selected 

singular 

values for 

model 

reduction 
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Table 4. System eigenvalues and controlled system eigenvalues 

System Eigenvalues Controlled System Eigenvalues 

-96730             + 0i -96757 +              0i 

-84999             + 0i -85330 +              0i 

-21374      +13107i -20079 +      14749i 

-21374 -      13107i -20079 -      14749i 

-11184 +      14277i -10038 +      17969i 

-11184 -      14277i -10038 -      17969i 

-17782 +               0i -17721 +               0i 

-17342 +               0i -17338 +              0i 

-6491.8 +      12198i -6289.6 +      11276i 

-6491.8 -       12198i -6289.6 -      11276i 

-3092.9 +     9021.6i -4558.6 +     7464.2i 

-3092.9 -     9021.6i -4558.6 -     7464.2i 

-1122.7 +     5634.6i -1898.7 +     5931.3i 

-1122.7 -     5634.6i -1898.7 -     5931.3i 

-482.27 +     3733.7i -285.41 +     3354.9i 

-482.27 -     3733.7i -285.41 -     3354.9i 

-190.95 +     2359.6i -135.03 +     1341.8i 

-190.95 -     2359.6i -135.03 -     1341.8i 

-44.402 +     1136.8i -3.3486 +     1148.7i 

-44.402 -     1136.8i -3.3486 -     1148.7i 

-5.4563 +      385.6i -14.623 +     386.09i 

-5.4563 -      385.6i -14.623 -     386.09i 

-0.58936 +     74.626i 1.056e-09 +          0i 

-0.58936 -     74.626i -43.536 +          0i 

 

 

 

 

 

 

 


