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ABSTRACT 

        In the present work , a numerical study has been made for the developing 

compressible turbulent flow and heat transfer in circular tube with uniform injection 

or suction. The study included the numerical solution of the continuity, momentum 

and energy equations together with the two equations of the (k-ε) turbulence model, 

by using the Finite Difference Method (FDM). The air was used as the working fluid, 

and the circular passage was composed of tube with diameter (20.0) cm , and the 

length was 130 (hydraulic diameter) .The Reynolds number of the flow was 

(Re=1.78x10
6
), and the Mach number (M=0.44) the ratio of the transverse velocity at 

the wall (vw) to the axial velocity at inlet (Uin), Ω=(vw/Uin), for suction  equal(0.001) 

and for injection (-0.001).. The wall of the tube was heated with constant wall 

temperature (Tw) and in other case with constant heat flux (Qw) as a thermal boundary 

condition. The development of both hydrodynamic and thermal boundary layers 

occurs simultaneously. The computational algorithm is capable of calculating the 

hydrodynamic parameters such as the velocities , friction factor , turbulence structure 

which includes the Reynolds stress and the turbulent kinetic energy and eddy 

viscosity. Besides, the thermal parameters are also predicted, such as the temperature, 

Nusselt number, and the turbulent heat fluxes.The Results showed that the 

hydrodynamic and thermal entrance length is increased with the increasing of 

Reynolds number. The suction caused a flatten for the velocity profile and thus 

decreasing the hydrodynamic entrance length, and caused an increase in the Nusselt 

number and decreasing the local coefficient of friction, but injection caused a 

steeping of the velocity profile , and thus increasing the entrance hydrodynamic 

length and caused a decrease in the Nusselt number and increase the local coefficient 

of friction. Turbulent kinetic energy and turbulent heat flux are decreased with 
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suction and increased with injection .Predictions have been obtained which are in 

good agreement with results obtained by past experimental and theoretical work.      

 

 

 
لخلاصةا  

يتضمن البحث الحالي دراسة  ظررية  دددية  لياريةان المضةلأرض اطظضةغالأي  ميةر تةا  التلأةقر مةل اظتةةالا الحةرار   ة لا   
مةل مدةادلتي الحةلا الدةددل لمدةادالا ااسةتمراري  قالةا   قاللأا ة   لأريةة  باسةت دا  سةحض أق نمل حال  حةة أظبقبيمارى 

الهةقا  ممةا ل  باسةت دا ، الحسةابالا الدددية  مظفةذ   (FDM)رقق المحدد   الف باست دا  لأرية   (k-ε)ظمقذج ااضلأراض
، ر ةةة  ريظقلةةد ليهةةقا  يسةةةاقل (  لأةةر يايةةدرقليمي130قلأقلةةةس يسةةاقل   سةة  ((20 لأةةر   أظبةةقبيدمةةلا يمةةر  ةة لا ماةةةرى 

 1.78x10
 بتة  مةر شةرلأ دراة  حةرار  الاةدار  ا باسةت دا ، ت  تس ين ادار اطسلأقاظ  (M=0.44قبر   ماخ يساقل   (6

 مشةةرلأين حةةديين باتاةةايين  (vw)مةةذلا اسةةت د  مةةرقر الهةةقا  دبةةر الاةةدار شةةرلأ ضةةيا حةةرارل  ابةةلا باسةةت دا  قأ ةةرى
قاط ةرى   (0.001)قماظةلا الظسةب  ( امتصةا اطقلا ضةي حالة   ةرقج الهةقا  مةن اطظبةقض         ,(vw/Uin)=قبظسةب 

 .تحةدث دميية  التلأةقر الهيةدرقديظاميمي قالحةرارل  ظيةا   .  (0.001-)قماظةلا الظسةب  (اطظبةقض   حةةن  إلة قلا الهةقا  د ة
، ييمةلا  ااحتمةااأمماظي  الحلا الدددل تتضةمن حسةاض الصةفالا الهيدرقديظاميمية  م ةلا مرمبةالا مظحظيةالا السةرد  قمدامةلا 

ميةة  ، مةةذلا تةة   حسةةاض الصةةفالا ريظقلةةدا قاللأا ةة  الحرميةة  المضةةلأرب  قالياقاةة  الدقا إاهةةادم ةةلا مظحظيةةالا   ااضةةلأراض
الحراري  م لا تقايل دراالا قر   ظسةيلا قالفةيا الحةرارل المضةلأرض لمظلأةة  الحسةاض . بيظةلا الظتةا ط ايةاد  لأةقلا الةد قلا 

تسةبض اسةتقا  مظحظة  السةرد  ق صةر لأةقلا  اامتصا الهيدرقديظاميمي قالحرارل باياد  ر   ريظقلدا ، مما بيظلا أن حال  
 إلة المقضدي   قالدمة  ضة ن الحةةن ية دل  ااحتماايمي قاياد  ر   ظسيلا مما يسبض ظةصان مداملا الد قلا الهيدرقديظام

 ااحتمةااتحدض مظحظ  السرد  قاياد  لأقلا الد قلا الهيدرقديظاميمي  قاظ فةاا ر ة  ظسةيلا مةل ظةصةان ضةي  يمة  مدامةلا 
بيظمةا يايةدان  ة لا  اامتصةا دميية   المقضدي .  اللأا   الحرمية  المضةلأرب  قالفةيا الحةرارل المضةلأرض يةة ن  ة لا

قي مةد ة  قمةان التقاضةق بةين الظتةا ط ايةدا  لت ميةد الظتةا ط الدددية  ضةةد تة  مةارظتهةا مةل ظتةا ط البحةقث السةاب الحةن.دميي  
 مق ق ي  ال لأقالا الدددي  المةترح  ضي حسابالا الاريان المضلأرض قاظتةالا الحرار    لا المارى اطظبقبي .
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INTRODUCTION 
            The behavior of fluid flow over the surface of a porous material with mass transfer at 

the boundary is encountered in a wide range of applications such as, aerodynamic boundary 

layer control, wall suction to delay    separation and transition from laminar to turbulent flow, 

transpiration or sweat cooling of heated surfaces, which is applied to gas turbine blades, ram-

jet intakes, rocket walls, combustion chamber walls exposed to high temperature gases, and so 

on. In this cooling method, cooling is forced through a porous wall and injected into the high 
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temperature stream. In this way the wall temperature is reduced by forming a heat insulating 

layer between the hot air and the wall. In addition, heat is removed from the wall by the 

cooling fluid passing through the interstices. The control of the establishment length in the inlet 

region of a channel. It is found that the injection of fluid increases the rate of growth of the 

boundary layer .The characteristics of flow with condensation are analogous in many respects 

to the flow of fluid over a porous surface with mass transfer at the wall. (Hasan , 1984). For 

internal flow through channels with porous walls (suction or injection), there exists many 

applications such as in the fields of transpiration cooling, gaseous diffusion, boundary-layer 

control and ultrahigh filtration. As an effective boundary layer control method, fluid flow in 

channels or pipes with fluid suction or injection through the wall surface was first investigated 

by mechanical engineers as early as 1904. Early researchers only focused on fluid flow past a 

flat surface suction or injection in a part of the whole surface, it was, assumed that the quantity 

of fluid removed from the stream by suction , so small that only fluid particles in the 

immediate neighborhood of the wall were suked away, this was equivalent to saying that the 

ratio of suction velocity to free stream velocity (Ω) was very small , say (Ω =0.0001 to 0.01) , 

the condition of no slip at the wall is retained with suction present, as well as, the expression 

for shearing stress at the wall. (Schilichting , 2000 ). 

       The present work investigates the effects of injection or suction on the development of 

compressible and turbulent flow and heat transfer through circular tube. The governing 

continuity , momentum and energy equations are solved numerically by using Finite Difference 

Method (FDM). The simultaneous development of both hydrodynamic and thermal boundary 

layers will be considered with uniform injection or suction through the wall. 

 

GOVERNING EQUATIONS 

    Steady state, two dimensional axis-Symmetric , compressible , developing turbulent 

flow(both hydrodynamically and thermally), with uniform injection or suction, and negligible 

thermal dissipation and  body forces and axial diffusion effects will be assumed. 

     Accordigly  the governing, continuity , momentum and energy conservation ,  kinetic 

energy of turbulence (k) and viscous will be as follows :- 

 

Continuity Equation. 
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Momentum equation in radial direction ; 
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Momentum equation in axial direction ; 
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                                                                                                        (3) 
      
 

 

Where;                                                                  , 
   

Energy equation 
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Equation of state (Perfect gas) ; 

 

                                                                                                                           (5) 

Sutherlands law of viscosity 
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       Where;   T0 =273.16  , 0 =1.708x10 kg/m.sec , S=110 . 

 

             (k-ε) Model ; 

     Kinetic energy (k) equation :- 
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Viscous dissipation (ε) equation :- 
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            Boundary Conditions ; 

   

   Entrance condition 

  

     u=Uin  , v=0 , t=Tin                                                                                          (10)                
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                                 ,                                                                                    (11)        

 

     Cε =0.03    ,  Ck=0.003  ,      Dh =                                                            (12)       

 

  Exit Condition 
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   Wall and Center line Conditions 

 

      u(R,z)=0  , v(R,z)=vw                                                                              (14)                                        

     Ω = vw / Uin                                                                                             (15)    

             

            For the center line:- 

 

              
r
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(0,z)=0  ,  v(0,z)=0                                                                              (16)         

          

         Temperature boundary condition:- 

 

            wTzRT ),(        (constant wall temperature)                                     (17) 
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),(      ( constant wall heat flux )                                 (18) 

Flow Through Porous Wall 
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*4 Z                                                                                       (22)  

 

NUMERICAL SOLUTION. 

      The governing equations will be solved numerically by using (Explicit Finite Differences 

Method) (Ayad, 2003), the node – point has  subscripts    ( i , j ) denoting cylindrical 

coordinate in ( r , z ) directions. The coordinates for each node are (r=iΔr), (z=jΔz) . 

     The convection terms of the axial momentum equation will be changed to finite differences 

by using back-ward differences. The pressure gradient will be changed to algebraic term by 
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using (Upwind Differences). For the (Diffusion Terms) in the right side of the equation, the 

(Central Differences ) will be used . The following final form is obtained :- 
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       The mass balance equation for a typical control volume gives ;                  

mmm wallin 
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The (+ve) sign in equation (26) is for suction and the (-ve) sign is for injection. The mean 

pressure difference (  1


jj
pp  ) in equation (23) can be calculated by ( mass conservation 

) (Caretto & et.al,1972)  as :- 
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     The continuity equation  is converted to algebraic form by using the (Back Ward 

Differences), the  following final form is obtained:- 
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      To convert the two equations for (k-ε) model to the numerical form we use the (Backward 

Differences) for the convective term and the (Central Differences) for diffusion term , the 

result is ; 
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Dissipation energy (ε) equation. 

 

           Sddddd jijijijiji   1,5,141,3,12,1         (30) 

define the following coefficient:- 
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         The energy equation can be converted to algebraic form by using the (Backward 

Differences) for the diffusion term and (Central Differences) for the convective term , the 

following linear equation is obtained:- 
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         1,5,141,3,12,1   jijijijiji TeTeTeTeTe                 (31) 

 Where ;  
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  A numerical calculations algorithm was developed to solve the above equations numerically, 

and a computer program was built to implement this algorithm. 

 

RESULTS AND DISCUSSION 
      The results of the developed computational algorithm for turbulent flow of air through a 

porous circular tube will be discussed for the following case:-  

  Pin = 1 bar, Tin = 100
 o

C, Tw = 100
 o

C, Qw=1000w/m
2
, Uin= (90-150) m/s,           Re= 1.78 

x10
7
,  M = 0.26 – 0.44, Z

*
 = 130.          

      The grid size was taken as, (m=500) in axial direction and (n=20) in radial direction. 

      Fig.1 shows the development of the boundary layer for flow in solid wall with 

( Re=1.78x10
6
) at (Qw=1000w/m

2
). Near the wall, the viscous effects are dominant, so the 

boundary layer grows in the flow (axial) direction until it reaches apposition ,after that the 

boundary shape fixed, this mean that flow is fully developed. It can be concluded that the 

hydrodynamic entrance length is equal to (140) pipe diameter approximately. Fig.2  shows the 

radial distribution for the axial velocity profile at constant wall temperature and constant heat 

flux. Fig.3  show the effect of Reynolds number on the development of velocity profiles at 

constant wall temperature and constant heat flux , it is  that the velocity increased with the 

increasing of Reynolds number, the same result is obtained by (Ayad,2003). Fig.4  shows the 

dimensionless axial velocity development for various dimensionless radial positions, with 

constant wall temperature and constant heat flux, the same result is obtained by  

(Stephenson,1976). 

         Fig.5 shows the effect of suction and injection on the velocity profiles at constant wall 

temperature first and constant heat flux second,  the velocity profile is flattened at suction and 

became steeper at injection, the same result is obtained by (Hasan,1984). With the presence of 

mass transfer through perforations, the velocity profile is altered due to the interaction between 

the axial flow and the perforation flow, for the injection case, the injection lifts and expands 

the turbulent boundary layer and thus increases the axial velocity beyond the layer while 

decreases the velocity within the layer to follow the mass conservation law. As a consequence 

the axial velocity near the pipe wall decreases and on the contrary, the suction lowers and 

reduces the boundary layer and thus decreases the velocity outside the layer but increases the 

velocity inside the layer, and results in an increase of the axial velocity near the pipe wall 

analysis, this is consistent with the numerical observations of (Kinney & Sparrow,1970) for 

pipe flow with suction through the pipe wall.For suction and injection  (+0.001, -0.001) the 
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hydrodynamic length from the entrance to the fully developed velocity profile for the solid 

wall at constant wall temperature is equal to (130) diameters , decreases to (120) diameters , 

but for injection increases to (140) diameters, approximately. For Constant heat flux the 

hydrodynamic length for the solid wall is equal to (140) diameters , for suction decreased to 

(130) diameters , and for injection increased to (150) diameters ,approximately. 

        Fig.6 shows the development of turbulent kinetic energy ( 2/2 buk )with constant wall 

temperature , and constant heat flux , notice that the maximum value of the kinetic energy is in 

the region near the wall , and decreases in turbulent kinetic energy value with the increasing of 

Reynolds number  because the axial velocity profile decreases with the increasing of the 

Reynolds number  , also the hydrodynamic entry length ,at which  the  turbulent kinetic energy 

is fully developed ,  increases with the increasing of the Reynolds number. Fig (9) shows the 

effect of suction and injection on the turbulent kinetic energy ,turbulent kinetic energy 

increased with injection and decreased with suction, the same result is obtained by 

(Ayad,2003). 

 

        Fig.7  shows the three dimensional development of the turbulent viscosity with. The 

turbulent viscosity increases with the increasing of the  Reynolds number , so increasing the 

length needed for the fully developed profile,  the same result is obtained by (Ayad,2003). 

       Fig.8  show the development of air density for Reynolds number at constant wall 

temperature and constant heat flux , notice that for constant wall temperature the density stay 

constant near the wall but for constant heat flux decreases because of the increasing of the wall 

temperature down stream , the same result is obtained by (Ayad,2003), suction increases the 

density and injection decreases it. 

       Fig.9  shows the steps of developing Reynolds Stress . Find that the Reynolds Stress equal 

to zero at maximum velocity near the center line and the maximum value is in the region near 

the wall, the same result is obtained by (Ayad,2003). Show that the suction causes to flatten 

the velocity profile then decreases the Reynolds stress but the injection which causes to steeper 

the velocity profile then decreases the Reynolds stress. 

       Fig.10  shows the development of the local coefficient of friction , it decreases with the 

increasing of the Reynolds number because the boundary layer decreases , and the turbulent 

kinetic energy that enter in calculating the shear stress which can be calculated from the wall 

function decreases too. Fig.11  shows the effect of suction and injection, the local coefficient 

of friction decreases with the suction because that the boundary layer decreases with the 

suction case so the turbulent kinetic energy decreases , but in the injection case the local 

coefficient of friction increases because the boundary layer increases , the same result is 

obtained by (Moshe,1986). 

        Fig.12  shows development of the isothermal lines, notice that the temperature increases 

along side with axial flow direction and decrease with radial direction .Fig.13-a shows the 

effect of Reynolds number on the overall heating of the flow. Fig.13-b shows the effect of 

Reynolds Number on the wall temperature. The overall heating of the flow and the wall 

temperature increase parabolic in the developing region, and decrease with the increasing of 

Reynolds number, the same result is obtained by (Ayad,2003). 

        Fig.15 shows the radial distribution of the turbulent heat flux at many positions , the 

turbulent heat flux values is the maximum near the wall and in the fully developed region 
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because of the high temperature of the heated wall and there is a decreasing toward the center 

line because of the difference in the temperature between the wall and the fluid , the same 

result is obtained by (Ayad,2003) . 

        Fig.16 shows the axial distribution of the Nusselts number at constant wall temperature 

and constant heat flux, the  maximum value  at the entrance region because the thermal 

boundary layer thickness equal to zero and the heat transfer coefficient by convection is 

maximuim, after that the thermal boundary layer grows and the coefficient of heat transfer 

decreases and so  the Nusselt number decreases gradually until it reaches constant value , it 

needs longer length , also for the same reason  the Nusselts number increases with the 

increasing of the Reynolds number for constant wall temperature and constant heat flux, the 

same result is obtained by (Ayad,2003) . Fig.17 shows the effect of suction and injection on 

Nusselts number, suction increases the value of Nusselt Number, the same result is obtained by 

(Aggarwal & Hollingsworth,1973) and injection decreases it. Fig,18 shows the radial 

temperature development profile at constant wall temperature and constant heat flux . Fig.19 

shows the relation between mean Nusselt Number and Rynolds Number, increasing the 

Rynolds Number causes significantly increased heat transfer, so increasing Re causing an 

increase in Numean , the same result is obtained by (Hasan,1984). 

 

Comparison of the Results . 

       Fig.20-a shows the comparison of the velocity profile for the present work which is 

calculated theoretically with experimental results of  (Aggarwal et al,1972), which was done 

on a porous tube with internal diameter (D=0.02565 m) and length (L=0.2465)m, for Reynolds 

Number Re(101160) and Z
*
 =9.3 with rate of suction  Ω  =(0.0135 ) . Fig.20-b shows the 

comparison of the development of the profile , at (Re=338000) for the present work with the 

results of the theoretical work which was done by (Stephenson,1976) , on a tube with (D=0.2 

m) with (Re=388000) at  

Z
*
 =(0.0 , 0.75, 0.94). 

 

CONCLUSIONS.  

      The numerical results of the present work show that, the velocity profile, was flattened with 

suction and steepened with injection, its   value was decreased with the increasing of Reynolds 

number and with suction .The hydrodynamic length, from the entrance to the fully developed 

region, was increased with the increasing of Reynolds number and with suction, it was 

decreased with injection. Turbulent kinetic energy  was decreased in the region far from the 

wall and by suction, and it was increased by injection. Reynolds stress was vanished far from 

the wall; it was increased by injection and decreased by suction. Local coefficient of friction 

was decreased with suction and with the increasing of Reynolds number, it was increased with 

injection. Turbulent heat flux for constant wall temperature and constant heat flux has a 

maximum value near the wall and minimum value in the center line. Decreasing of the wall 

temperature at constant heat flux and the bulk temperature increases with injection and 

decrease with suction. Nusselts number was increased with the Reynolds number and with 

suction, and it was decreased with injection. 
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NOMENCLATURE 

LATIN SYMBOLS 

Cf                            Local coefficient of friction ( =                  ) 

 Cp                            Specific heat at constant pressure                     J / kg .
o
C    

Dh                            Hydraulic diameter                                           m 

G                             Generation term                                                kg / m. s
3 

h                              Heat transfer coefficient                                    w / m .
o
C  

K                             Von Karman constant  

L                              Length of tube                                                  m 

m                             Nodes number in z-direction                          

25.0/ bw u
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m                             Mass flow rate                                                  kg/s 

n                              Nodes number in r-direction   

Nu                           Nusselts number (= hDh / λ  ) 

P   Perimeter               

P                              Pressure                                                           N/m
2 

Pr                        Prandtle number                               

Q                             Heat flux                                                           w/m
2 

 r                              Radial dimension                                                     

Re                            Reynolds number (= UinDh/μ)  

R
*
                            Dimensionless radial distance( =  r/R ) 

                                Radial velocity                                                   m/sec 

T                             Temperature                                                      
o
C                                 

u                              Axial velocity                                                     m/s 

ub                            Axial Bulk velocity                                              m/s 

y                              Dimensionless distance from the wall            

z                              Axial Cartesian coordinate                                   m 

Z
* 

 Dimensionless axial length ( =z/D)
 

                                                      

Greek Symbols      

                               Coefficient of relaxation  

Ω                            Velocity ratio  (= vw /Uin)                              

                               Dissipation rate of turbulent kinetic energy        m
2
/s

3
        k                             

Turbulent kinetic energy                                    m
2
/s

2 

                               Fluid thermal conductivity                                W/m.
o
C   

                               Viscosity                                                         kg/m. s                                   

                               Dimensionless temperature 

                               Kinematic turbulent viscosity                            m  / s 

                               Fluid density                                                   kg /m
3
  

   ,                           Turbulent Prandtle number 

                           Gas Constant                                                  J/kg.K 

 τw                          Wall shear stress                                              N /m
2
  

 Ψ                           Fractional mass extraction (=              ) 

 

 

 

v

 

t


inw mm  /









.
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                 (a). Constant Wall Temperature.                 (b). Constant Heat Flux. 

 

Fig.2 :  Developing Axial Velocity for Solid Wall                     

 

 

 

 

 

 

 

 

 

 

 

                 (a). Constant Wall Temperature.                 (b). Constant Heat Flux. 

 

Fig.3: Effect of Reynolds Number on Developing Velocity               

 

 

 

 

 

 

 

  

 

              (a). Constant Wall Temperature.                   (b). Constant Heat Flux. 

 

                  Fig.4: Developing Axial Velocity for Solid Wall 
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              (a). Constant Wall Temperature.                    (b). Constant Heat Flux. 

 

         Fig.5: Effect of Suction and Injection on Developing Axial Velocity  

 

 

 

 

 

 

 

 

 

            

 

 

              (a). Constant Wall Temperature.                          (b). Constant Heat Flux. 

 

               Fig.6:  Development of Turbulent Kinetic Energy.    

 

 

 

 

 

 

 

 

 

 

  

 

 

               (a). Constant Wall Temperature.                         (b). Constant Heat Flux. 

 

                 Fig.7: Development of turbulent viscosity for flow with       
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               (a). Constant Wall Temperature.                   (b). Constant Heat Flux. 

 

Fig.8: Developing Air Density for Flow with Re=1.78E+06 

 

 

         (a). Constant Wall Temperature.                             (b). Constant Heat Flux. 

 

 Fig.9: Developing Reynolds Stress for Reynolds Number Re=3.57E+06.                  
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     (a). Constant Wall Temperature.                                        (b). Constant Heat Flux. 

 

Fig.10: Effect of Reynolds Number on the Local Coefficient of Friction                  

 

 

        

        

                

(a). 

Con

stan

t 

Wal

l 

Temperature.                      (b). Constant Heat Flux.  

 

                Fig.11: Effect of Suction and Injection on Local Coefficient of Friction.   

 

        (a). Constant Wall Temperature.                               (b). Constant Heat Flux. 

 

Fig.12: Isothermal Lines at Re=1.78E+06 . 
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             (a). Overall Heating.                                               (b). Wall Temperature.              

 

          Fig.13: Effect of Reynolds Number on Overall Heating and Wall                          

Temperature. 

 

 

 

 

 

 

 

 

 

 

 

(a). Constant Wall Temperature.                 (b). Constant Heat Flux. 

 

Fig.15: Turbulent Heat Flux Developing Curve . 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

(a). Constant Wall Temperature.                                              (b). Constant Heat Flux. 

 

               Fig.16: Effect of Reynolds Number on Local Nusselt Number .   
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(a). Constant Wall Temperature.                                             (b). Constant Heat Flux. 

 

                Fig.17:  Effect of Suction and Injection on Nusselt Number 

 

 

 

 

 

 

 

 

 

 

            (a). Constant wall temperature.                           (b). Constant heat flux.  

 

Fig.18: Radial Temperature Developing Profile for Solid Wall 

 

 

 

 

 

 

 

 

 

 

 

 

 

              (a). Constant wall temperature.                        (b). Constant heat flux. 

 

Fig.19: The Relation Between Mean Nusselt Number and Rynolds  Number                   
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(a)                                                                                     (b)                                    

 

 

 

 

Fig.20: Comparison Between the Present Work and Past Works 
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