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ABSTRACT 

      Expanded bed behavior was modeled by using the Richardson-Zaki correlation 

between the superficial velocity of the feed stream and the void fraction of the bed at 

moderate Reynolds number. The terminal velocity expression was developed by 

introducing two empirical parameters, the effective diameter of the particles and an 

exponent for the   lllp  2  term. The Richardson-Zaki exponent constant (n) was 

found to vary with the density ratio  
llp    and diameter ratio Dd p . It was noted 

that when the density ratio  
llp   is less than one, there is no dense phase at the 

bottom of the test section. However, for density ratio  
llp   greater than unity, 

there exists accelerating or dense regime at the bottom of the test section. 

                                                                                                                                                                                                                                                                                                                                                                                                 

:الخلاصة  
 ػت انظاهشيتانسش    بيٍ    صاكي -سيتشاسدسٍ   ػلاقت  باستخذاو  تى في هزا انبحج تًخيم تصشف الاػًذة انًتًذدة 

.تى استحذاث ػلاقت جذيذة نهسشػت . نهؼًىد في حذود يؼتذنت يٍ سقى سيُىنذص  نهًجشي انذاخم وَسبت انفشاؽ  

  lllp  2 نهحذ اسيقطش انًؤحش نحبيباث انحشىة ويقذاسيقذاسيٍ تجشيبييٍ وهًا ان بادخال انُهائيت ورنك  

بيبتقطش انح وانُسبت بيٍ   
llp   صاكي يتغيش يغ انحذ   –نؼلاقت سيتشاسدسٍ   (n) انًقذاس الاسي نقذ وجذ اٌ  

يظهش طىس  اقم يٍ واحذ نى  
llp   انكخافت   كىٌ َسبتكزنك تى يلاحظت اَه ػُذيا ت.  Dd p وقطش انؼًىد   

.كخيف في اسفم انؼًىد بيًُا في حانت كىٌ َسبت انكخافت اكبش يٍ واحذ ظهشطىس كخيف يتساسع في اسفم انؼًىد  

 

 

KEYWORDS: Liquid-solid fluidized bed, Bed expansion, Richardson-Zaki 

correlation. لتمذد الاعمذة المسالة المتكونة من الصلب والسائل دراسة هيذروديناميكية
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INTRODUCTION  
 

    Fluidized beds find extensive applications in chemical process industries as they 

provide large interfacial area, high degree of mixing, and temperature uniformity. In 

particular, liquid-solid fluidization beds are increasingly used in chemical processes such 

as fermentation, biological wastewater treatment, flow gas desulfurization, ore reduction 

etc. Although fluidization can be achieved either by liquid or gas as fluidizing medium, 

gas fluidized beds have gained more importance in scientific community due to its far 

more applications. This is in spite of the fact that possible uses of liquid fluidization in 

the mining industry were suggested as early as in 16
th

 century as a means of separating 

solids of different sizes. Since the emergence of biosciences in the recent years and the 

adaptability of liquid fluidized bed for various applications, the importance of solid-liquid 

fluidized bed is receiving greater attention among scientists and researchers (Navaez et 

al., 1996, Yang and Renken, 2003, Bo and Yan, 2003).    In recent years, the applications 

of liquid-solid fluidized beds are being extended for hydrometallurgy, food technology, 

biochemical processing, etc. Scientific research concerns with reference the 

hydrodynamic structure of liquid-particle, the equilibrium forces for fluid-particle 

interactions and heat or mass transfer properties in fluidized beds. Fluidization quality is 

closely related to the intrinsic properties of particles, e.g. particle density, particle size 

and size distribution, and also their surface characteristics. The expansion characteristic 

of solid particles in a liquid-solid fluidized bed is a function of superficial liquid velocity. 

A quantitative relationship linking the bed expansion with these parameters is necessary 

for a fundamental understanding of fluidization behavior and subsequent applications 

(Richardson and Jeronimo, 1979).      The first important study of the forces acting on an 

immersed body moving relative to a viscous fluid was made in 1851 by Stokes who 

derived an equation for the viscous resistance to the motion of a single spherical particle 

in an infinite fluid.   

 

pl VdF 3                                    (1) 

       

      The terminal falling velocity tV  of the particle is obtained by equating the viscous 

drag as given by eq. (1), to the effective gravitational force. 
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    In the flow region where Rep varies between 2 and 500, which has been called the 

intermediate law, Lewis et al., 1952 defined the terminal velocity by the equation: 
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    Wen and Yu, 1966 estimated the terminal velocity at moderate Reynolds number using 

the following equation: 
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                 (3)             for 0.4< Rep <500 

 

      Expanded bed technology lacks understanding about its hydrodynamic behavior as 

has been available for the conventional packed column technology. Therefore a method 

to describe the behavior of the expanded bed incorporating the properties of particles and 

feed stream should be provided. 

 

MATHMATICAL APPROACH 

      There are two methods to describe the expanded bed behavior. One is the dimensional 

analysis method, which has been successfully applied for the design of various fluid 

processing equipments. The other is the Richardson-Zaki equation, which predicts a 

linear correlation between logarithms of the superficial fluid velocity ( 0V ) and the void 

fraction of the bed ( )1( s for fluidized bed by 

 

  ts VnV log1loglog 0                  (4) 

 

where s and tV are the solid fraction of the expanded bed and the terminal settling 

velocity of the particle at infinite dilution  0s , respectively (Richardson and Zaki, 

1954, Davidson and Keaims, 1978). 

      The superficial velocity 0V  is determined by dividing the volumetric flow rate of the 

feed stream by the cross sectional area of the column.  

      The solid fraction s  of the expanded bed at height H can be obtained by 

 

H

H
s

0

0                                         (5) 

 

where 0 , and 0H , are the solid fraction and height of the bed at zero flow stream, 

respectively. Combining eqs. (5) and (4) results 

 

  n

tVVHH
1

000 1                  (6) 

 

      An attempt was made to correlate values of n and tV with the properties of particles 

and feed streams. 
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EXPERIMENTAL WORK  

    The schematic representation of experimental set-up is shown in Fig.1; it consists of a 

glass column of 2.45 cm internal diameter and a height of 75 cm. The column was packed 

with glass beads (0.4 – 0.6) mm in diameter, to a height of 8 cm. The fluidizing particles 

are supported by a wire mesh fitted at the column bottom. The liquid from the storage 

tank was pumped through a rotameter connected on the line.  In order to change the 

solution properties, tap water and glycerol solutions (10, 20 and 30 wt percent) were used 

as feed streams. The viscosity of each glycerol solution was obtained by using a Fann V-

G meter and density was measured by a standard hydrometer. The height of the bed was 

measured over a certain range of feed velocities. 

 
Fig.1: Schematic diagram of the experimental set up (1.liquid reservoir, 2.pump, 

3.flow meter, 4.test section) 

 

    Another set of experiments were made using a variety of solid particles with tap water 

to estimate the effect of density ratio (  
llp    and diameter ratio ( Dd p ) on the 

Richadson-Zaki exponent constant (n). The solids used and therein characteristics are 

given in Table 1. 

 

Table 1: Solid particles used and their characteristics 

Particles used 
pd , mm p , kg/m

3
 Vmf, m/s 

Glass beads 0.4 -0.6 2250 0.0018 

Perspex beads 0.5-2 1600 0.0051 

    Porcelain  1.3 2100 0.0094 
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PVC beads 2.1 1750 0.0137 

  Activated carbon 1.8 1350 0.0058 

Silica gel 1.5-2 1900 0.0124 

Sand  0.66 2600 0.0039 

 

    The minimum fluidized velocity for the solid materials (Vmf) had been estimated using 

the following equation (Ramaswamy, 2008): 
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RESULTS AND DISCUSSION 

 Modification of the terminal velocity expression using the Richardson-Zaki 

correlation:  

      The effects of superficial velocity ( 0V ) of the feed stream on the bed expansion 

( 0HH ) were measured. The bed expansion factor was limited below 3 as recommended 

by Reichent et al., 2001, for proper performance of expanded beds. 

      A dimensional analysis can be performed for the expansion of the bed. The bed 

expansion ( 0HH ) can be expressed as a function of various operating conditions, such 

as the fluid velocity V, particle diameter pd , solution viscosity l , and fluid density l , 

by the following equation 

 
llpdVfHH  ,,,0                   (8) 

      Dimensional analysis of eq. (8) propose that the bed expansion may be represented by 

eq. (9) using the particle Reynolds number ( llpp Vd Re ) as a single combined 

parameter incorporating various operating conditions. 

)(Re0 pgHH                              (9) 

      Fig.2 shows the bed expansion as a function of particle Reynolds number, the 

expansion of the bed becomes greater as the solution viscosity increases at a fixed flow 

rate of the feed stream. The average diameter of the particles was used to calculate 

pRe values. 
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Fig.2 Bed expansion of the bed as a function of Reynolds number. 

 

      Although Coulson et al., 1991, provided  
0s , values for spherical particles of various 

sizes,  
0s value for the bed was measured as follows. In the column the particles were 

settled in distilled water. The water contained inside the void fraction of the sedimented 

bed was drained off. The volume of the drained water was measured and divided by that 

of the total sedimented bed to determine the void fraction,  of the bed. Finally, 

 
0s value determined by 1-  was 0.85. 

      Fig. 3 shows the Richardson – Zaki plots for the experimental data in Fig.2. All the 

lines in Fig.3 have approximately the same slope (n) values with different intercepts. The 

average value of the slopes, nav, was 1.66. 
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Fig.3 Richardson-Zaki plots for the bed expansion 

0logV  

 s1log  
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The terminal velocity may be evaluated from bed expansion data by extrapolation at 

s equals zero. Table 2 lists values of n and tV in glycerol solutions along with their 

density and viscosity values. 

 

Table 2. Physical properties of glycerol solutions at 20
º
C and the parameter values 

of Richardson-Zaki correlation. 

 
Glycerol (wt %) Density, kg/m

3
 Viscosity, mPa.s n 

tV , m/s 

0 1000.0 1.005 1.513 0.1675 

10 1022.1 1.310 1.56 0.1265 

20 1046.9 1.760 1.60 0.0925 

30 1072.7 2.500 1.97 0.0721 

 

      Eq. (3) implies that tVlog values can be linearly correlated with   lllp  2log   

values. Fig. 4 shows that this is true. A modified expression for the terminal velocity is 

developed from the linear correlation in Fig.4 as follows 

 
261.3log386.0log
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      Comparing eqs. (10) and (3) enables the introduction of two empirical parameters, the 

effective particle diameter, ped  and an exponent, a, to modify the terminal velocity 

expression as in the following general equation 
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Fig.4 Linear correlation between 
tVlog  values determined from Richardson-Zaki 

plots with   lllp  2log   values. 

 

      By comparing eqs. (10) and (12), values of ped and a are calculated to be 0.458 mm 

and 1.158, respectively. It is very reasonable that the effective diameter is close to the 

diameter of the smallest particles used, since the smallest particles would be at the top of 

the expanded bed, and therefore should be used as a basis in modeling the behavior of the 

expanded bed. 

      Fig. 5 demonstrates that the calculated bed expansion, ( 0HH ) cal using   the 

modified expression eq. (10) and eq. (6) are in good agreement with experimentally 

measured values of the bed expansion ( 0HH ) exp. In this case the n values of eq. (6) are 

replaced by the average, nav of n values, the slopes of the linear plots in Fig. 3 for all 

glycerol solutions. 

tVlog  

  lllp  2log   
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Fig.5 Comparison of the bed expansion calculated using the modified terminal 

velocity expression, (H/H0) cal, with those of experimentally determined values, 

(H/H0) exp. 

                                                                                                                    

 

EFFECT OF DENSITY RATIO AND DIAMETER RATIO ON THE 

RICHARDSON- ZAKI EXPONENT CONSTANT (N): 

    The effect of density ratio on the values of n is shown in Fig. 6. The exponent n 

decreases with an increasing density ratio as long as the value of  
llp   is less than 

unity. In the case the ratio is unity, the exponent value is also unity. For the case where 

 
llp    is greater than unity, the decreasing trend in exponent value reverses i.e. 

increasing. In a similar manner, the variation of exponent n has been plotted against 

particle to column diameter ratio  Dd p  in Fig. 7. The exponent was found to decrease 

with increasing particle to column diameter ratio for both the cases when  
llp   <1 

and  
llp   >1. 
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Fig. 6 Exponent variation with relative density to fluid density ratio 
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Fig. 7 Exponent variation with particle to bed diameter ratio. 

 

    It was noted that when the density ratio  
llp   is less than one, there is no dense 

phase at the bottom of the test section. However, for density ratio  
llp   greater 

than unity, there exists accelerating or dense regime at the bottom of the test section. 

 

 

llp    

 
■      

llp   >1 

○  
llp   <1 

 
 

■      
llp   >1 

○  
llp   <1 

 



Journal of Engineering Volume   16   September   2010 Number 3 
 

 

 5408 

 

CONCLUSION 

 The expression of the Richardson- Zaki correlation in combination with the 

modified Wen and Yu expression for terminal velocity, developed in this 

study, can be successfully used to model the behavior of expanded beds at 

moderate Reynolds number. 

  For beds composed of particles of mixed sizes it is observed that the smallest 

particles collect near the top. The same result was obtained by McCune and 

Wilhelm, 1949 and Lewis and Bowerman, 1952.  

 The Richardson-Zaki exponent constant n varies with  
llp    

and Dd p . These variations have been found to be of two types, namely, 

 
llp   <1 and  

llp   >1. 

 It was observed that for the case of high density particles, there was a 

considerable height of dense phase at the bottom of the test section. In the 

case of lower density particles, no dense phase was noted at the bottom of the 

test section. The reason of this type of behavior can be explained as follows: 

for heavy solid particles, the gravitational force is more predominant and 

particles have to accelerate so as to reach the fully developed regime since the 

contribution of drag is obtained by the gravitational component on particles. 

For lesser density particles, the buoyancy force is more predominant as 

compared to the gravitational force, so, the particles soon reach the fully 

developed regime with smooth and homogeneous type of fluidization. The 

same behavior was observed by Rao, 2005. 

  

NOMENCLATURE 

 pd       Particle diameter (m) 

 ped      Effective particle diameter (m) 

 D        Column diameter (m) 

 F         Drag force (N) 

 g         Acceleration due to gravity (m/s
2
) 

H        Height of the expanded bed (m) 

0H       Height of bed at zero flow stream (m) 

 n         Richardson- Zaki exponent constant (─) 

pRe     Particle Reynolds number (─) 

V         Particle velocity (m/s) 

mfV      Particle minimum fluidization velocity (m/s)  

0V        Superficial velocity (m/s) 

tV        Particle terminal velocity (m/s) 
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Greek letters 

l        Density of fluid (kg/m
3
) 

p       Density of particle (kg/m
3
) 

l        Dynamic viscosity of fluid (kg/m.s) 

s        Solid fraction of the expanded bed (─)    

0        Solid fraction of the bed at zero flow stream (─) 

          Void fraction of the bed (─)  
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