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ABSTRACT 

Conformal projection is one of the most important aspects that geodesy dealing with. The 
determination of the scale factors in the meridian, the parallel and projected geodesic directions are the 
final result of the conformal projection.  Methods for determining the scale factors in the meridian and 
the parallel directions have a quite sufficient accuracy. While methods for determining the projected 
geodesic have different accuracy and computation complicity.  

This research adopts a modified method for computing the exact value of scale factor in 
geodesic direction. In this method the scale factor is obtained by determining the true and projected 
distances of the geodetic line. In the traditional methods for determining the projected distance it is 
usual to use the 1/3 Simpson's rule in the computations while the modified method the 3/8 Simpson's 
rule is used.  

Computations and mathematical tests were carried out to obtain the scale factors using the 
traditional methods and comparison was made with modified method. 
By applying the developed method and the traditional methods to calculate the scale factor, it was 
found that the modified method is more accurate and the projected distances can be obtained exactly.  
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GEODESIC ON ELLIPSOID 

In the field of the geodesy there are at least three distinct geodetic curves. These curves are: the 
great elliptic arc, the normal sections, and the geodesic curve. Each curve furnishes different distances 
and different azimuths for any one reference ellipsoid, as shown in Fig (1).  
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  The great elliptic arc is a curve lies in a plane which contains the center of the reference 
ellipsoid. Mathematically, this curve doesn't represent the shortest connection between two points. The 
meridians and the equator are special cases can be considered as great elliptic arcs. 

The normal section is a curve lies in a plane which contains the normal at the one point and 
passes through the other point.  

The Geodesic conceders the principle path as a representation of the shortest distance in a 
unique way between any two given points on the ellipsoidal earth, which has double curvature. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 Fig.1: Explains geodetic curves on the ellipsoid 
 

 
From the definition the geodesic arc, the principle normal of the geodesic at any point will 

coincide with the ellipsoid normal at that point. This property doesn’t exist in the normal section. This 
property imposes the product of the parallel radius times the sine of the geodesic azimuth, at each point 
on the geodesic is, [Hooijberg, 1997], this property is known as “Clairaut’s equation, that is:  

 

222111 sin.cos.sin.cos. ANAN ϕϕ = = constant                                                                                     (1) 

 
. 
PROJECTED GEEODESIC AND SCALE FACTOR 

In conformal projection, although angles are transformed undistorted it remains in many 
instances necessary to calculate corrections to ellipsoidal elements in order to obtain corresponding 
elements in the map, and vice versa. The plane situation is shown in Fig. (2) 

The geodesic on the ellipsoid of length (S), will projects on a plane to be a projected geodesic, this 
curve however does not as a rule project as a straight line, but transforms into the curve of a length (s). 
In order to obtain the true distance (S), from the projected distance (s) derived from grid coordinates, or 
alternatively to convert a true distance to grid distance, it is necessary to calculate the scale factor and 
apply it in the correct sense. 
So, the length of projected geodesic (s) is determined in terms of the ellipsoidal length (S) and the scale 
factor ( K ): 
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Therefore, the scale factor is the ratio of infinitesimal projected linear distance in any direction at a 
point on the plane grid to the corresponding true distance on the ellipsoid. 
  
 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 

 
Fig.2: Explains map elements on conformal projection 

 

 

 

 

COMPUTATION OF PROJECTED COORDINATES AND SCALE FACTOR   

The most practical forms of the Universal Transverse Mercator, UTM, projection, which is a 
conformal projection for geodetic computations, is expressed as a set of  a series approximations in 
powers of (ST), [Snyder, 1987], that is:    
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 Where (x, y) are the projected plane coordinates,  

             ( ∗
oK ) is the scale on the central meridian, ( ∗

oK =0.9996 for UTM, ∗
oK  =1.000 for Transverse 

Mercator projection.) 
             (Mp) is the true distance along the central meridian from the equator to the (U)  
             (U, T) is the geodetic latitude, geodetic longitude and (To) is the longitude of the central meridian 

             (a, 2
e ) are the characteristic of the spheroid and ( 2'

e ) is the second eccentricity. 

             ( K ) is a point scale factor. 
  

Along the geodetic line, the scale factor will differ from point to another. So the computation 
needed another approach to apply a correction to an ellipsoidal distance that converted to plane grid 
distance, it is necessary to use the value of all points. 
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Equation (5) represent the scale factor at a point, to obtain the scale factor for a line, it is 
traditional to apply the 1/3 Simpson’s rule. That is : 
 

   )4.(
6

1
21 KKKK m ++=                                                                                                                       (12) 

 
In which K 1 and K 2 are the scale factors at the ends of each line, where K m is the scale factor at the 
mid point of that line. 
IMPROVED METHOD  

Utilization the (3/8) Simpson’s rule instate of (1/3) Simpson’s  in obtaining the geodetic scale 
factor, distances at equal intervals are determined by dividing the whole length of geodesic into a 
multiple of three line elements are determined. Then the scale factor will be:  
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The denominator takes (3) related to the number of divisions distances to whole line.  
            To examine the validity of equation (14), the computation of true distance and projected 
distances are needed to be compared with that obtained from this equation. 
 
COMPUTATION OF POSITIONS 

If a geodesic, length (S) is divided into (n) equal small elements (VS) in length, then the problem 
can be reliably solved with excellent accuracy by adding together the lengths of small elements (VS) of 
the length of geodetic line (S). 

The direct problem involves computation of the position of ending point (P2) whose distance and 
azimuth from a given initial starting point (P1) are known:-  
 

-  given point (P1) : (U1, T1), A12, S12 
- to compute  (P2) : (U2, T2)  
 

 
 
 
 
 
 
 
 
 
 
 

Fig.(3): division of geodesic to compute coordinates. 
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The precise computation of the position is computed according to Legender Solution, that is:                              
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To check the results by using Eq.(1) :- 
      Now, the geodetic positions of all points along the geodesic can be computed, so the corresponding 
positions on projection can also be determined (by equations (3)-(5)), then accurate distances and linear 
scale factor can be computed (table 2). 
To satisfy the mathematical calculation we must distinguish between the arc and the chord on both 
surfaces: spheroid and plane projection, beside the relationship between them.  
 
 

COMPUTATION OF THE ACCURATE LENGTH OF PROJECTED GEODESIC 

It's possible to compute the true length of geodesic (S) on spheroid, but how to compute the length of the 
projected arc (s) on the map, Equation (2), to conclude the linear scale factor.  ( K ) may be expressed as 
a function of the map coordinates and the map coordinates may be expressed as function of the arc(s) of 
the projected curve, after integration we have: - [Thomas, 1952] 
 

....)4(
24

1
)(

6

1
..

2

1
. 43'"'2"'332'"22' +++++++= SKKKKKKKSKKKKSKKSKs oooooooooooooo                 (19) 

 Where "'"' ,, ooo KKK  are the derivatives of the scale ratio K , with respect to (s) and evaluated at (s =0). 

( K ) Was achieved by eq. (5), but can be also computed from rectangular coordinates as:- 
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 (σ ) is the expression for the curvature of the projected geodesic at a given point in terms of the scale 

factor at that point and the angle ( β ) is: -  
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Formula (22) gives the value of ( K ) for T.M projection, and it is function of (x) coordinate alone, hence 
formula (28) becomes:- (all the variables and equations can be computed in the next example) 
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Also ( fN ) related to "foot point" ( fϕ ) of latitudeϕ , [Thomas, 1952] 
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( op MM , ) can be computed by eq. (6), it seen that, all the elements of eq.(21) are computed, that leads 

to calculate the accurate length of projected geodesic (s). 
The relationship between projected geodesic (s) and its rectilinear chord (d) is: 
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 Where ( oσ ) is the curvature of the projected geodesic, ( '

oσ ) the first derivative, and ( ''

oσ ) the second 

derivative achieved for the starting point of projected geodesic (s=0) 
  
 
Also when the projected coordinates of points (P1) and (P2) are known, then the length of chord (d) is 
determined, the difference between arc and chord will be concluded. 
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Where (xi, yi) are the projected coordinates. With value of (d) computed from above formulas, we then 
compute (s) from eq. (41) by substitution the value of (d) instead of (s), then the difference in length 
will be calculated and added to (d) to find the exact value of (s).  
  
The relationship between the geodetic distance (S) and its projected (s) on TM projection (Fig.2) is:- 
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RELATIOINSHIP BETWEEN ARC AND CHORD ON SPHEROID 
The relationship between arc and chord on spheroid can be determined as the following:-  

When (S) is known between two points (p1) and (p2) its chord is: 
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Or, (D) can be determined by Cartesian coordinates: 
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RESULT AND DISSCUSION 

Four geodetics of different distances were used to compute the difference between the arcs and 

the chords on spheroid Clark 1880 spheroid, (a=6 378 249.145 m.), ( 2
e = 0.006 803 481 196 02),   the 

projected distances on T.M projection. As shown in Table (1), the difference between the geodetic 
distance and its chord is very small, so the curvature of geodesic will not be obvious, unless substituting 
large distances.  
 

Table (1): The differences between arc and chord on both spheroid and projection. 

 On Spheroid Clark 1880 On Projection T.M  

Si (S) in m. (D) in m. (S-D) m. (s) in m. (d) in m. (s-d) m. 

S1�� 51 000.00 50 999.8633 0.1367 51 007.512477 51 007.51242 0.000057 

S2 105 000.0 104 998.8074 1.1926 105 019.67054 105 019.66935 0.00119 

S3�� 150 000.0 149 996.5232 3.4768 150 033.76998 150 033.76688 0.00310 

S4 210 000.0 209 990.4605 9.5395 210 059.17548 210 059.16770 0.00778 

 
The same distances mentioned above were used to apply the modified method in computing the 

projected distances then to compute the scale factor. Computations were made based on Clark 1880 
spheroid when the starting point is P1 (30˚, 10˚), and the azimuth (30˚).While projected computations 
based on (To= 09˚) as central meridian. , Computations details are shown in Tables (2) and (3). Table 

(2) shows computations of TM projection that has ( ∗
oK =1.000) and Table (3) shows computations of 

UTM projection that has ( ∗
oK =0.9996). The computations of linear scale factor presented in these tables 

are designated as follow: 
 

    
1K : By division projected distance to actual distance.  

     2K : By Simpson' 1/3 rule.  
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     3K : By Simpson' 3/8 rule. 

                                                          
As shown in these tables, the computed projected distances obtained using scale factor of the 

modified method is more accurate than that of the traditional method when compared with the exact 
distances.   
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CONCLUUTIONS 
1.It is obvious from the previous discussion that the computation of linear scale factor depending on the 

exact calculation of both geodetic distance and its projection. 
 
2.Any error in computations of geodetic position will effect the computation of the linear scale factor, 

so the precise computations will be needed.  
 
3.Logically, the arch length is greater than the chord length for the same two points and the difference 

between the geodetic distance (S) and its chord (D) is very small, so the curvature of geodesic will not 
be obvious, unless substituting large distances. 

 
4.The difference value between arch and chord (S-D) on spheroid is greater than the corresponding 

difference value (s-d) on projection. 
 
5.There are minimum differences between the three methods that used to compute the linear scale 

factor.  
 
6. The computed projected distances obtained using scale factor of the modified method is more 

accurate than that of the traditional method 
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NOMENCLATURE  
S: the true length of geodesic line on spheroid (arc) 
 D: the length of chord related to geodesic (S) 
 s: the length of projected geodesic on conformal projection. 
 d: the rectilinear chord of projected geodesic. 
 U: the geodetic latitude. 
 T: the geodetic longitude. 
 To: the longitude of the central meridian. 
K : the point scale factor. 

∗
oK : scale factor on central meridian. 

oK : scale factor at starting point when (s=0). 
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iK : the linear scale factor. 

 (a, 2
e ) characteristic of the spheroid  

 UTM: Universal Transverse Mercator conformal projection. 
 TM: Transverse Mercator conformal projection.  

 


