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ABSTRACT

A numerical technique is developed to predict both the transient and steady
axisymmetric two-dimensional natural convection heat transfer for water as the
working fluid in a vertical annulus enclosure of a fixed radius ratio (2) aspect ratio (1)
and Rayleigh number ranging within (10®° <Ray<10°) for a fixed Prandtl number
(Pr=7). Finite difference analogs of the Navier — Stokes and thermal energy equations
are solved in the stream function — vorticity frame work. The results obtained are
presented graphically in the form of streamline, vorticity and isotherm contour plots.
A correlation has been set up to give the average Nusselt number variation with Raq
and for which the results are found to be in good agreement with previously published
experimental data.

-

Ladal)
o slal all Jeally dylpal) 8l Qi) 4yl saoad) (350 Aigyla aladinly duady Ay Ganll (el
[As el dul (V)i HU] danily cililedl) e (piSaie piilshany 2l A (g35ee s 5
Aphain) cVales da 3L (Pr=7) 5 ( 10° < Rag < 10°%) gloa alsas (V) s =1/ (1o — 17)]
o gl LA algall Clra) A0 W 25 ey Ly Y Vol ) Lelilat aey A0l 28Ul o231
a8y Janal s cudae | ailially AN 5)hal) cilayy iliaiey b ilie Ciliaie auy lgasass
Sl Jabeae losa A01SRY 3US Ay il cudael )Y Sigadd) aw )lad) LRag 2 (Nuj) s

Cayball JlEY dau S o lally Wil 50l lyal) Allal 4y ))all Z8LL

KEY WORDS: Natural Convection, Concentric Vertical Annulus, Laminar Flow,
Numerical Solution

2005




M. H. AL-Hafidh Numerical Investigation Of Natural Convection
S. B. Raheem In A Vertical Annulus Enclosure

INTRODUCTION
The annulus represents a common geometry employed in a variety of heat transfer
systems ranging from simple heat exchangers to the most complicated nuclear
reactors. In spite of the importance of convection heat transfer in vertical annular
enclosures in many practical applications, very few basic studies have so far been
conducted for this system. Many finite difference solutions of free convection
problems of long horizontal, rectangular and cylindrical enclosures subject to lateral
heating are found in the works of (Boyd, 1983), (Charrier-Mojtabi and Mojtabi et-
al, 1979), (Date, 1986), (Kuhen & Golstein, 1976) and (Akbar et-al, 1985).
Numerical studies of free convection in vertical annulus enclosures are found in the
works of (Schwab & De Witt, 1970), (Kubair & Simha, 1982) (Keyhani et-al,
1983) and (Prasad & Kulacki, 1985). Many investigators interested in the study of
eccentric annular enclosures (Shue et-al, 2001) or elliptic cylinders (Lee and Lee,
1981). Most of the studies available are for high aspect ratio.

The present paper considers the axisymmetric flow regime in a vertical annulus
enclosure Fig. (1) whose surface temperatures are kept isothermal and with
Boussinesq approximation being made to the governing equations.

MATHEMATICAL FORMULATION

The problem considered are both the transient and steady state, two-
dimensional axisymmetric laminar convection of a Boussinesq fluid initially at rest
and a uniform temperature is assumed in the mathematical model for the system
shown in Fig. (1). The vertical cylindrical surfaces are considered to be perfect
conductors of heat with the inner wall temperature (Ti) greater than that of the outer
wall (To). Both top and bottom surfaces of the enclosure are considered to be perfect
insulators with a rigid and motionless bounding surfaces. The dimensionless
equations of continuity, momentum and energy are (Schwab & De Witt, 1970):

(/R)[R (8U/ER)] + (8V/6Z) = 0 (1)
(8U/8Tm)+U(8U/ER)+V(8U/6Z) = -(P/OR)+Pr[6/0R {(Mr)(ORU/ER)}+(6°V/6Z2)] (2)
(OV/ET\)+V(OV/ER)HBV/EZ) = -(3P/6Z)+Pr[(Mr)(6/OR{R(BV/ER) +°V/0Z3)]  (3)
(80/6Tm)+U (00/0R)+V(80/0Z) = (Mr)[(8/0R){R(6O/0R)} [ +H*O/0Z?) )
The vorticity-stream function formulation is applied in order to avoid direct
determination of the lateral variations of pressure. The conservation equations then

become:

Vorticity:
(8w/8Ty) + (OUw/OR) + (OVw/OZ) = Rag Pr (00/8R) + Pr [(&/6R) {(*/r) (FRw/GR)}H(5)

Stream function:

2006



@ Number4 Volumel3 December 2007 Journal of Engineering

Viy = - 0 = (r) [(8°y/oR?) - (Ir) (By/0R) + (8y/0Z%)] (6)
Energy:
(/R)(GRUB/ER) + (6VO/6Z) = (M1R) [(8/6R){R(86/6R)}] + (6°6/6Z) (7)

The initial and boundary conditions are:
For Tu=0 , o=y=U=V=0 (no slip condition)
, 6i=1 6,=1 (constant wall temperature)
For Tw>0 , wy=0y/n=0 , 06/0Z=0
Overtical wall = = (1R) (6°W/ Z%) | @norizontalwatl = = (12)(6°y/ R?)

NUMERICAL SOLUTION OF THE GOVERNING EQUATIONS

An analytic solution cannot be found for a set of equations because of the
complexity of those characterizing the cavity problem, and thus they must be
integrated numerically by finite difference techniques. In this study, the governing
equations which are expressions of conservation of mass, momentum and thermal
energy are non-dimensionalized. A two—dimensional explicit finite difference
technique was used to solve the transient behavior of the fluid and the heat transfer
until the steady state is reached by marching out in time step ATy. A forward
difference technique may used to convert the convection terms in the energy and
vorticity transport equations to an algebraic terms and in concern of diffusion terms,
the central difference technique may used. To get numerical stability, the forward
difference technique is applied when the mean value of the velocity is positive and the
backward difference technique is applied when the mean velocity value is negative, so
the method choice depends on the flow direction. To solve the stream function
equation the Gauss Siedel method used with the successive over relaxation method to
make earlier convergence. A numerical stability occurred when the time step ATy is
greater than (ATwm)max, Which depends on Ray and grid spacing. In this study the
suitable ATy was found to be (ATm < 0.0001) for fixed Ra.
The main steps of the solution procedure can be listed as follow:

1. The boundary and initial conditions are specified for the dependent variables.

2. The discretized temperature equation is solved to obtain the updated
temperature field.

3. Vorticity at all interior grid points was similarly advanced from using the
updated temperature field.

4. Stream function at all interior grid points was updated with the updated
vorticity field.

5. Local Nusselt number computed and the method of successive over relaxation
was employed to obtain the new stream function at each grid point.
Conver%ence was assumed whenever any two successive iterations was less
than 10™.
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6. Total heat transfer calculated depending on local Nusselt number.
7. Steps (1-6) were repeated until the magnitude of the error ratio (¢) did not
change by more than 10™.

RESULTS AND DISCUSSION

The difference equations of this study were solved on a digital computer using
FORTRAN 95 program and the Tec Plot program used to plot the isotherm and
streamline contours. The results are expressed in the transient region until
reaching steady state where Nu; will be constant with time.

Transient Results

Grid Spacing

The time steps used depend on Rag as shown in Table (1), and the grid spacing
which was found to give an adequate representation of the results for Rag=10> and
10* was (1/10) and for Rag =10° and 10° the grid spacing were (1/20) and (1/30)
respectively.

Table (2) explain the best values for nodes number (N) in radial direction and
(M) in vertical direction for (10°< Rag < 10°).

Flow and Isotherm Patterns

Figs. (2-13) show typical results obtained for vertical annuli with Rayleigh
number (10°< Ray < 10°), for different time steps. The fluid near the outer (colder)
cylinder is heavier and is moving downward while the relatively lighter fluid near
the inner (hotter) cylinder is moving upward and with the increase of Ray a
slightly vertical displaced occurred towards the top of the annulus so the
convection regime appears clearly as shown in Figs. (2, 3,4and 5).

The temperature gradient across the cavity is horizontal with conduction
profiles being vertical lines traversing the entire length of the cavity as indicated
in Fig.(6) and then start to develop and indicate more inclination in its lines while
the slope of lines near (cold wall) is small because the velocity is decreased
Fig.(7, 8 and 9). When Ray approaches 103, large temperature gradients grow near
the vertical wall giving rise to the formation of thermal boundary layers and fluid
velocities sufficient to form hydrodynamic boundary layer. A unicellular flow
pattern is generated in the enclosure. It is noticed that the maximum heat transfer,
indicated by closely spaced isotherms, is located at the top of the cavity for the
outer cylinder and at the bottom for the inner one.

As a consequence of the symmetry and the continuity, the resulting fluid
motion inside the half cavity consists of one rotating vortex as shown in Fig. (10)
when the time increasing a multi small vorticity will be appeared

In Figs. (11, 12 and 13) it is seen that a small secondary vorticity appears
in the bottom and become smaller with time increasing where a start of forming of
a secondary vorticity near the outer cylinder will happened which will be grow
with the increasing of fluid velocity.
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Temperature Distribution and Local Nusselt Number

Fig. (14) shows the temperature variation versus Raq for a gap width (z = 0.5). In
the thermal boundary layer adjacent to the outer cylinder, it is seen that the
temperature gradient increases considerably and the trend is opposite near the
inner cylinder. This is probably due to higher heat transfer by angular convection
flow rather than radial one.

A correlation of (Nu;) with respect of Rag was set up which is given as:

Nu; = 0.4134* Rag>%®’ (8)

Steady State Results

Heat transfer rate can be calculated at a steady state when the average Nusselt number
(Nu;), reach a constant value with time as shown in Fig. (15).

Steady state streamlines and the isotherms for Rag ranging within (103 10°) are
explained in Fig. (16 a & b) and Fig.(17 a & b) respectively and the vorticity lines
are explained in Fig.(18 a& b) which shows the multi-cellular flow regime except at
(Rag> 10°), where single vorticity appears.

A reasonable agreement between the present work results and the previous researches
are shown in Fig. (19).

Table (1) Time Steps used with different Ray

ATM Rag
0.0001 10°
0.0001 10*
0.00005 10°
0.00001 10°

Table (2) Best Values for the Selected Node Number for Study Cases

Rag N M
10°- 10* 11 11
10° 21 21
10° 31 31
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Fig. (1) Enclosure Geometry And Coordinate System
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Fig. (2) Transient Streamlines for Rag = 10°
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Fig. (4) Transient Streamlines for Ray = 10°
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Fig. (5) Transient Streamlines for Rag = 10°
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Fig. (6) Transient Isotherms for Rag = 10°

2013




M. H. AL-Hafidh
S. B. Raheem

Numerical Investigation Of Natural Convection
In A Vertical Annulus Enclosure

08
07F
06

04}

0.2

0.1

1
(4
v

.Lll

0.87

1

.002802 14 ==t

™ = 0.048
Fig. (7) Transient Isotherms for Rag = 10*

2014




Number4 Volumel3 December 2007 Journal of Engineering

0.9

'

0.8

i

0.7

0-551993

0.6

N 05

04

nTIllll]lll'A'llT"‘

7

1 1

0.3

I ‘r‘

0.2

2
01| &
[

T™ = 0.024
Fig. (8) Transient Isotherms for Rag = 10°

2015




M. H. AL-Hafidh
S. B. Raheem

Numerical Investigation Of Natural Convection
In A Vertical Annulus Enclosure

08 |-
0.7 -
06 -
N OS5
04
03|
02

01

0]

53286E

0372145

1.5
R

T™ =0.0094
Fig. (9) Transient Isotherms for Rag = 10°

2016




Number4 Volumel3 December 2007 Journal of Engineering

s 10.0284

w

09k

0.8

vl.

0.6

0.4

0.3

0.2

L ll ITII 1!" |v' L

0.1

Ixrl

-
N
N
(9]
-
(6]
—
~
()
N

TM= 0.028
Fig. (10) Transient Vorticity for Raq = 10°

P L 0BE;

0.4

03
02}

0.1

T™™ = 0.048
Fig. (11) Transient Vorticity for Raq = 10*

2017




M. H. AL-Hafidh
S. B. Raheem

Numerical Investigation Of Natural Convection
In A Vertical Annulus Enclosure

TlTYTwI

09

08

I T

0.7

1

06

2K )

0.5

0.4

.,lllnl‘l‘

03

|lT‘l l

02

01

1.5
R

™ = 0.024

Fig. (12) Transient Vo

2018

rticity for Rag = 10°




Number4 Volumel3 December 2007 Journal of Engineering

1 kmsoz ﬂ )
A7
08
o7k | )
osk | 8 55"\1
Nosk |

04

03F

02 F

0.1

T™ = 0.0094
Fig. (13) Transient Vorticity for Rag = 10°

2019




M. H. AL-Hafidh
S. B. Raheem

Numerical Investigation Of Natural Convection
In A Vertical Annulus Enclosure

Temperature

Fig. (14) Temperature Distribution with Gap Width at Z = 0.5
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Fig. (16b) Steady State Streamlines for Rag = 10°
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Fig. (18b) Steady State Vorticity Lines for Rag = 10°
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CONCLUSIONS

The natural convection of a mass of water contained between two concentric cylinders
has been investigated numerically.

The results obtained in the present study may be summarized as follows:

1.

2.

3.

The basic operation for heat transfer is conduction for (Rag < 10°) and
convection for (Rag> 10°).

For the unsteady state the streamlines shows a single cell form except at (Rag
=10°) where it shows a bicellular form.

The time of reaching steady state decreasing with increase of Rag as shown in
Fig. (15) because the increasing of Ray cause an increase of liquid acceleration
according to buoyancy force increasing.

Fig. (17) shows that the heat transfer operation can be divided into three
regions, the first is that of heat transfer by conduction which extended to
(Rag=10°%) where (Nu; =3) and it is considered to be the start of convection
region. The second region is transition region until plume region is appeared
and it’s ranged is (10°< Rag < 10%). Third region is the plume region where
(Rag >10°).
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NOMENCLATURE
Symbols Description Units
As Dimensionless aspect ratio
As =1/ (r,— 1)
g Acceleration of gravity m°/sec
L Cylinder length m
M Nodes number in r-direction
N Nodes number in z-direction
Ny Average Nusselt number
Nui =h (ro — ri)/k
Pr Prandtl number Pr =v/a
R Dimensionless radial direction R =r/(r, —r;)
Ragy Rayleigh number
Rag = Pr (gB(Ti — To) (ro — ri)*V?)
I lo Inner and outer radius m
Twm Dimensionless time
Twm = ot/ (ro—17)?
t Time sec
Ts Film temperature
Tf:(Ti+To) 12 K
U Dimensionless radial velocity
U=u (r, ) /o
u Radial velocity m/sec
\ Dimensionless vertical velocity
V=V (r, ) o
Y% Vertical velocity m/sec
Z Dimensionless vertical direction
Z=71(r, )
z Gap width
z=(ro ) m
GREEK SYMBOLS
Symbols Description Units
® Dimensionless vorticity
i Dimensionless stream function
€ Error ratio
S} Dimensionless temperature 0=(T-
To) [ (Ti—To)
o Thermal diffusivity m°/sec
B Volume coefficient of expansion
B=1/T; 1/K
v Kinematics’ viscosity m°/sec
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