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ABSTRACT: 

Analytical model is used in this paper to predict the load carrying capacity of structural 

concrete members under flexural and normal force which can be concentric or eccentric. The 

analysis is based on requirement of equilibrium and compatibility of strain in concrete and steel or 

FRP. The adopted model is based on the real stress - strain diagrams for materials. In accordance 

with this model, the member cross section is covered by a mesh with the smallest cells. After that, 

stress or strain is determined in each cell and the integral is substituted by the process of summation 

to define the elements of stiffness matrix. The force vectors equations have nonlinear behaviour. 

However, in this model, these nonlinear equations are changed to linear equations using the 

iteration methods with fixity of secant modulus of elasticity in each iteration cycle. In this paper, 

FORTRAN computer program language is used to compute the force and strains vectors. The 

comparison between the analytical results obtained from the used model and experimental data for 

other researchers is performed. The analytical model is giving a reasonable agreement between the 

theoretical and experimental results. 

 

 المنحنية المسلحة بالألياف البوليميرية لأعضاء الخرسانيةتحليل ا

 
 ;الخلاصة

نموذج تحليلي لتحديد السعةة الحمليعة لةنر عر الارسعرنية ائنةعرلية المةرنعة ل نحنعر  أفي هذه الورقة البحثية تم أقتراح 
ان والتوافععف فععي ائنتةععرال فععي الارسععرنة ان طبيةععة التحليععت تةتمععد ولععلأ ةععروط ائتععا. والقععوا المحوريععة مر ايععة اوزيرمر ايععة

ان أسععلوا الحععت وفقعع  . يسععتند ائنمععوذج المسععتادم ولععلأ الماططععرل البيرنيععة الحقيقيععة ال رملععة لتةععوه الارسععرنة والحديععد. والحديععد
 بةععد ذلععخ يماععذ متوسععط. ل نمععوذج المقتععرح يةتمععد بةعع ت أسرسععي ولععلأ تاطيععة المقطععا الةرنععي بةععب ة ذال ا يععر  ععايرا  ععد 

ائ هعردال اوائنتةعرال فعي حعدود  ععت اليعة وبرلتعرلي يعتم ائنتقععرت معن الت رمعت التترنعلي الععلأ الم معو  الت عرملي لتحديعد ونر ععر 
من  هة أاعر،  فعرن المةعردال الرليسعية لمت هعرل القعو، لهعر  عتة ا اطيعة  اا أنعل يعتم فعي النمعوذج . م توفة   دا المقطا

طية اللأ مةردال اطية برستادام الطرف الت رارية ما تثبيل مةرمت المرونة القرطةي اع ت  عت المدروس تحويت المةردال ال ا
تمعل مقررنعة النتعرلج . لتحديد مت هة القعو، واانتةعرال الاطيعة بلاة فورتران استادم برنرمجفي هذه الورقة البحثية . دورا ت رار

ولعوح  ان ائنمعوذج التحليلعي يةطعي توافعف مةقعوت بعين . معن البعرحثينالمستح لة من هعذا ائنمعوذج معا النتعرلج الماتبريعة لةعدد 
 .النترلج الن رية والماتبرية

KEYWORDS: Flexural Member, Fibre Reinforced Polymer, Ultimate Moment Capacity, 

Moment-Curvature diagram 
 

INTRODUCTION 

 

Conventional concrete structures are reinforced with nonprestressed and/or prestressed steel. 

The steel is initially protected against corrosion by the alkalinity of the concrete, usually resulting in 

durable and serviceable construction. For many structures subjected to aggressive environments, 
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such as marine structures, bridges and parking garages exposed to deicing salts, combinations of 

moisture, temperature and chlorides reduce the alkalinity of the concrete and result in the corrosion 

of reinforcing and prestressing steel. The corrosion process ultimately causes concrete deterioration 

and loss of serviceability. To address corrosion problems, professionals have turned to alternative 

metallic reinforcement, such as epoxy-coated steel bars. While effective in some situations, such 

remedies may still be unable to completely eliminate the problems of steel corrosion (cited in ACI 

440H, 2000). 

Recently, composite materials made of fibres embedded in a polymeric resin, also known as 
fibre-reinforced polymers (FRP), have become an alternative to steel reinforcement for concrete 
structures. Because FRP materials are nonmagnetic and non-corrosive, the problems of 
electromagnetic interference and steel corrosion can be avoided with FRP reinforcement. 
Additionally, FRP materials exhibit several properties, such as high tensile strength, that make them 

suitable for use as structural reinforcement (Dolan et al., 1999). 

 

STRESS-STRAIN MODEL FOR MATERIALS 

 

In 1986, Korpenko (Korpenko et al., 1986) suggested a relationship to predict the stress-

strain diagram for concrete and steel under unaxial loads. This relationship unified the stress-strain 

diagram represented for concrete in tension or compression and all types of steel (mild or high 

strength steel). 

Let: 

m

m
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σ
σ

ˆ
~ =          ;        

m

m
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ε
ε

ˆ
~ =                                                                                                (1) 

where: 

mσ
~ , mε

~ : relative level of stress and strain, respectively; 
mσ̂ , 

mε̂ : stress and strain at the peak of 

stress-strain diagrams for materials (concrete and steel); 
mσ  , 

mε : stress and strain for materials 

(concrete or steel); m : represents the parameters for concrete and steel, ( t,cm = : represents the 

compression or tension in concrete, respectively. f,ps,sm  : represents the nonprestressing, 

prestressing steel or fibre reinforced polymer, respectively). 

The nonlinear behaviour of the stress-strain diagram for materials (concrete or steel) can be 

represented by the following expression (Korpenko et al., 1986): 

 

                                                                                                                (2) 

 

where: 

mΕ : initial modulus of elasticity for material (concrete or steel); 
mν : coefficient of elastic strain 

(represents the elastic strain to the total strain) (Korpenko et al., 1986). 
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where: 

el,mσ : proportional limit of material; el,mσ
~ : relative level of proportional limit of material; 

mν̂ : 

coefficient of elastic strain when the stress 
mσ  reaches the ultimate stress 

mσ̂ ; oν : coefficient 

depended on relative level stress for material; 
m2m1 e,e : coefficient depending on type of material 

(steel or concrete). 

 

1m2m e1e -=                                                                                                                                   (5) 

 

To use Eq.(3), the 
m1e  must be less than 2 (Korpenko et al., 1986). 

 

Stress-Strain Model for Concrete 

 

The stress-strain diagram of concrete (Fig.1) is represented using Eq.(2) and Eq.(3) by 

taking the following expressions for coefficient 
mv and 

c1e  (Korpenko et al., 1986): 

          

1εν2.05 ν
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                                                                                   (6) 
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where: 

c̂ : stress at the peak of stress-strain diagram for concrete; 
c̂ : strain at the peak of stress-strain 

diagram for concrete; 
c̂ : coefficient of elastic strain when 

cc ̂  ; 
c : initial modulus of 

elasticity for concrete; o : coefficient that depends on the stress level of concrete; 
c1e : coefficient 

that depends on type of materials. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Stress-strain diagram for concrete (Oukaili, 1998) 
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Stress-Strain Model for Steel 
 

In addition to the general mechanical properties in concrete and steel which are required to 

simulate the    diagram; steel has special mechanical characteristics such as yield stress
y  or 

2.0 and yield strain 
2.0 and coefficient of elastic strain

2.0 . 

The elastic stress for high strength steel (Fig.2a) is determined by: 

 

0.2elels,
σ βσ                                                                                                                                     (8) 

 

Where: 

2.0 : stress for steel at yield state; 
el : coefficient that depends on steel type.                                                         

The coefficient 
s1e can be found from equation below (Korpenko et al., 1986): 
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In mild steel the linear branch until proportional limit is determined using Eq.(2) with taking 

1ν
s
 . 

When the stress-strain diagram for mild steel is represented, the yield plateau is observed 

(see Fig.2a). In this Figure
s̂ , s̂  represent the stress and strain in the end yield plateau, and 

determined as follows (Korpenko et al., 1986): 

y0.2y
s

s

sys
σ 0.99σ;λ

Ε

σ
εσ 1.03):(1.01σ 

ˆ
ˆ;ˆ                                                           (10) 

 

where: 

y : length of yield plateau depends on steel type (0.008-0.015). 

After the yield point, mild steel will undergo a period of strain hardening, in which the stress 

slowly increases with a rapid increasing of strain up to rupture. The strain hardening region is 

represented using Eq.2; Eq.3; and Eq.9, with taking: point c to complete the strain hardening 

diagram (Fig.2b), its coordinate is (Korpenko et al., 1986): 
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                                       (a)                                                                       (b) 

Figure 2: Stress-strain diagrams for (a) mild steel, (b) high strength steel (Oukaili, 1998) 

 

Fibre Reinforced Polymer (FRP) Model 

 

For FRP materials, an ideal elastic behaviour is assumed until the failure (Pešić and 

Pilakoutas, 2005) (Fig.3) and the unaxial tensile stress-strain (
ff   ) relation is simply given 

by: 

 

fff εΕσ         ,             fuf εε0                                                                                           (13) 

 

where: 

f : elastic modulus for FRP; 
f  : strain for FRP; 

fu  : strain at rupture. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Stress-strain diagrams for FRP (Pešić and Pilakoutas, 2005) 
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COMPARISON BETWEEN KORPENKO MODELS WITH EXPERIMENTAL RESULTS 

FOR CONCRETE 

 

        The analysis and design of structural concrete depend on the prediction of stress-strain 

relationship for concrete in compression. According to that, there is a mathematical model in the 

present study to predict the stress-strain diagram for concrete under unaxial load. It is compared 

with actual experimental data which are collected from the following works: Wang et al., 1978; 

Nilson et al., 1986; and Tasnimi, 2004. These data are classified into three groups according to 

strength: low strength concrete (LSC), normal strength concrete (NSC), and high strength concrete 

(HSC). Fig.4 illustrates detailing comparison between of Korpenko´s stress-strain relationship and 

the experimental data for the LSC, NSC, and HSC and the comparison between the analytical and 

experimental data shows good agreement. 

 

COMPARISON BETWEEN KORPENKO MODELS WITH EXPERIMENTAL RESULTS 

FOR STEEL 

 

Korpenko´s analytical steel model for mild and high strength steel is compared with experimental 

data. In mild steel the experimental data collected from the following studies: Goto et al., 1998; and 

Cho et al., 2004, while the experimental data for high strength steel collected from: Leax et al and 

Canfield, 2005. The Fig.5 demonstrates these comparisons and a good agreement between the 

analytical and experimental results can be observed. 
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Figure 4: Comparison of proposed model with experimental data to LSC, NSC, HSC 

 

 

 
 

    
 

Figure 5: Comparison of proposed model with test data for mild steel and high strength steel 
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DERIVATION OF ANALYTICAL RELATIONSHIPS TO PREDICT THE LOAD OR 

MOMENT CAPACITY FOR STRUCTURAL CONCRETE MEMBERS 

 

The analytical model adopts the following assumption (Oukaili, 1998 and Oukaili and Akasha, 

2002):       

 Cross section is designed to resist the shear and the failure dose not occur because of this 

effect; 

 Linear strain distribution is assumed for across the section depth (Navier law); 

 To determine the strain during all load levels until failure, the section between two cracks is 

assumed; 

 The model is based on real stress-strain diagrams for concrete (subjected to tension or 

compression) and steel;  

  Steel and concrete are behaving as nonlinear elastic materials; 

 Total stresses are associated with total strains in concrete and steel by secant modulus of 

elasticity; 

In addition to the assumption above it is assumed that (ACI440, 2000) 

 The tensile behaviour of the FRP reinforcement is linearly elastic until failure; 

 Prefect bond exists between concrete and steel or FRP reinforcement. 

The analysis is based on the requirement of equilibrium and compatibility of strain in concrete and 

steel or FRP. The equilibrium equations take the following form: 

fi
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where: 

 : axial force; 
x : bending moment in  direction; 

y : bending moment in  direction; 
c : 

concrete area; cσ , 
si , 

psi , 
fi : the stresses in concrete, nonprestressing steel, prestressing steel, 

and fibre reinforced polymer (FRP), respectively; m, n, j: number of nonprestressing steel, 

prestressing steel, and FRP, respectively; 
si , 

psi , 
fi : area of nonprestressing steel bars, 

prestressing steel bars, and FRP elements,  respectively (Fig.6); six , 
siy , 

psix , 
psiy , 

fix , 
fiy : 

distance from the centre of gravity of nonprestressing steel, prestressing steel, and FPR to the local 

coordinate axes, respectively (Fig.7). 
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         Figure 6: Cross section for member                                   Figure 7: Positive sign for forces on 

                                                                                                        the cross section 

 

The physical relationship is used to determine the stress, which is shown as follows: 

 

ενΕεΕσ                                                                                                                                  (15) 

 

where:  

 : secant modulus of elasticity for materials;  : coefficient of elastic strain. 

         According to Bernoullisۥ  theory "the plane cross-section before loading remains plane after 

loading", the strain in any point is expressed as follows (Oukaili, 1998 and Oukaili and Akasha, 

2002): 

 

xyKyxKoεomεε                                                                                                                (16) 

where: 

εom : initial strain in materials (concrete , nonprestressed steel, prestressed steel, and FRP) resulted 

from effective prestressing force, εo : strain that result from axial load. 

Kx: curvature in Y-direction, Ky: curvature in X-direction, x, y: distance between centre of gravity 

for concrete, prestressing steel, and nonprestressing steel and the local coordinate axes. 

The substitution of Eq.(15) and Eq.(16) in Eq.(14) results in:              
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The direct integration to determine the stiffness matrix elements is not defined 

mathematically, because secant modulus of elasticity depends on the strain value for material. For 

that, the numerical integration method is used to determine the stiffness matrix element. In 

accordance with this model, the member cross section is covered by a mesh with the smallest cells. 

After that, stress (strain) is determined in each cell and the integral substituted by the process of 

summation to define the elements of stiffness matrix (Oukaili and Akasha, 2002). 

The force vectors equations (Eq.17) have nonlinear behaviour. However in this model, these 

nonlinear equations are changed to linear equations using the iteration methods with fixity of secant 

modulus of elasticity in the current iteration cycle (Oukaili, 1998). So that, the stiffness matrix 

elements take the following form: 
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Where: 

11C : axial stiffness, which depends on loading level and geometric properties of the cross section; 

12C : axial-flexural stiffness, due to axial force (compression or tension) and bending moment in Y-

direction, which depends on the geometric properties of cross section, stress-strain condition and 

the location and direction of selected coordinates axes; 
13C : axial-flexural stiffness, due to axial 

force and bending moment in X-direction; 
22C : flextural stiffness in Y-direction; 

23C : stiffness, 

due to bending in X and Y direction, which depends on geometric properties of the section and 

locations of selected coordinates; 
33C : flextural stiffness in X-direction; k : number of effective 

concrete cells; 
ci : the cross sectional area of the concrete cell i; 

cix , 
ciy : distance from the centre 

of gravity of the concrete cell i to the selected coordinates; m : number of nonprestressed 

longitudinal steel bar in the cross section; 
si : the cross sectional area of nonprestressed 

longitudinal steel bar i; 

six , siy : distance from centre of gravity for nonprestressed longitudinal steel bar i to the selected 

coordinates; n : number of prestressed longitudinal steel bar in the cross section; 
psi : the cross 

sectional area of prestressed steel bar i; 
psix ,

psiy : distance from the centre of gravity for 

prestressed longitudinal steel bar i to the selected coordinates; j : number of longitudinal FRP bar 

in the cross section; 
fi : the cross sectional area of the FRP bar i; 

fix ,
fiy : distance from the centre 

of gravity of longitudinal FRP bar i to the selected coordinates. 

The equation (17) can be rewritten in the following shape:  

 
     λ*CF                                                                                                                   (30) 

 

Where: 

   yx M,M,NF  :  load vector;  C :  section stiffness matrix;    Tyxo ,,   : axial strain 

vector. 

The stiffness matrix elements depend on the secant modulus of elasticity and the last 

depends on stress-strain diagrams. Therefore, Eq.(30) takes the following new shape: 

 

      λ*εCF                                                                                                                        (31) 
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The strain in cross-section determined by Eq.(16). Eq.(31) can take the new shape: 

 

      λ*λCF                                                                                                                        (32) 

 

In the nonlinear system, Eq.(5-32) represents a compatibility relationship which is used to 

determine the moment capacity of the structural concrete members. 

The analytical model is attributable to using discrete approaches and nonlinear analysis using 

modern electronic computers and using numerical methods (Oukaili and Akasha, 2002). Oukaili 

program (Oukaili, 1999) called SECTION is used in this paper. 

 

6. Structural Concrete Members Reinforced with Fibre Reinforced Polymer (FRP) Bars 

 

Simply supported beams for other investigators are examined to study the flexural behaviour 

of the structural concrete members reinforced with FRP bars. These beams are shown as follows: 

 

6.1 Aiello and Ombres (2000) 

 

Aiello and Ombres (2000) cast nine concrete beams reinforced with AFRP rebars for 

flexural tests to examine the failure load. The tensile reinforcement area is 176.7mm
2
. The beam 

spanning 2610 mm was subjected to four-point bending. The cross sectional geometry and test set-

up beam are as shown in Fig.8. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: Cross section and test set-up of beam A 

 

Average value of the tensile strength and modulus of elasticity of the rebars determined by 

standard tensile test, are 1506 and 50100 MPa, respectively. The average compressive strength of 

the concrete is 46.2 MPa. ACI 318 Committee (ACI 318, 2008) expression is used to determine the 

modulus of rupture and modulus of elasticity and shown as follows: 

  

 cf0.62rf                                                                                                                                 (33) 

cf4730cΕ                                                                                                                                (34) 

 

To determine the strain corresponding to the maximum stress oε the empirical equation 

assumed by Smith and Young (Smith and Young, 1956) is used and shown as follows: 

  

5
10168)cf (0.71ε

0


                                                                                                           (35) 
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For that, the compressive strain
oε , modulus of rupture and modulus of elasticity for 

concrete are 0.002, 4.214 and 32286 MPa, respectively.    

The analytical moment-curvature relationship at critical section is evaluated for beam A, 

which is shown in Fig.9. 

 

 
Figure 9: Theoretical moment-curvature diagram for beams A  

 

        Beam A failed experimentally at a bending moment of 22.84 kN.m. Analytical moment 

capacity is determined based on the used model in this study and the model recommended by ACI 

440H Committee; these moments are 21.17 kN.m and 19.062 kN.m, respectively. 

 

Dolan and Burke (2001) 

 

Two rectangular and T-section beams reinforced with prestressed CFRP bar were tested by 

Dolan and Burke (2001). Beam strawman 3 is studied in this section. This beam is simply supported 

and was subjected to four-point flexural testing. The cross section dimension and flexural testing of 

beam is shown in Fig.10. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10: Cross section dimension and flexural testing for strawman 3 

 

The measure compressive strength of concrete used in the beam is 31 MPa. The other 

mechanical properties of concrete are determined using the same empirical equation in section 6. 1. 
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Therefore, the calculated value of the compressive strain 
oε , modulus of rupture and modulus of 

elasticity is 0.0019, 3.452, 26336 MPa, respectively. The mean tensile strength of FRP is 1862 

MPa, and the mean modulus of elasticity for the CFRP bars is 146 GPa. The tensile reinforcement 

area is 50.3 mm
2
 and the initial prestressing force is 53.4 kN. 

The analytical moment-curvature diagram for Strawman 3 beam is shown in Fig.11. 

 

 
Figure 11: Theoretical moment-curvature diagram for beam strawman 3  

 

Strawman 3 beam is failed experimentally at moment 19.1 kN.m, while the moment from 

the used model and Burke and Dolan is 18.856 and 18.293 kN.m, respectively. 

 

STRUCTURAL CONCRETE MEMBERS REINFORCED WITH FIBRE REINFORCED 

POLYMER (FRP) PLATE 

External reinforcement with nonprestressed and prestressed FRP plate for simply supported 

concrete beams under flextural test for many investigators are used in this study. Detailed study for 

some beams is shown as follows: 

 

Nguyen et al. (2001) 

 

Simply supported beams strengthened with CFRP plate were studied by Nguyen et al. 2001. 

A1500 beam has 120 × 150 mm cross section and 1500 mm length, this beam is subjected to four 

point loads. Detail of the beam and test loading is shown in Fig.12. 
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The tension and compression reinforcement areas of the beam are 236 and 56.5 mm
2
. The 

CFRP plate of 80 × 1.2 mm cross section is used. The compressive strength of concrete is 44.6 

MPa. Table (1) presents the mechanical properties for materials. 

 

Table (1): Mechanical properties of materials 

 

Materials 

 

Reinf. 

Area 

mm
2
 

Yield 

Strength 

MPa 

Ultimate 

Strength 

Mpa 

Modulus 

of 

Rupture 

MPa 

Modulus 

of 

Elasticity 

GPa 

Ultimate 

Strain 

Strain at 

Maximum 

Stress 

CFRP plate 96 - 3140 - 181 - - 

Tension 

reinforcement 

bar  

 

236 

 

384 

 

461* 

 

- 

 

200* 

 

0.17* 

 

- 

Compression 

reinforcement 

bar 

 

56.2 

 

400 

 

480* 

 

- 

 

200* 

 

0.17* 

 

- 

Concrete - - 44.6 4.141
†
 31.588

†
 

-
 0.002

†
 

†
assumed ( cf0.62rf  ,

5
10168)cf (0.71

0
ε

 , cf4730cΕ  ) * assumed 

 

The moment-curvature of this beam is shown in Fig.13. 

 

 
Figure 13: Theoretical moment-curvature diagram for beam A1500  

 

        The beam A1500 failed at the experimental applied moment of 25.96 kN.m. While, the 

ultimate moment from the used model and ACI 440H Committee is 23.066 and 18.311 kN.m, 

respectively. 

 

Zou et al. (2005) 
 

Zou et al., (2005) has studied the flexural behaviour of five reinforced concrete beams 

strengthened by prestressed CFRP. Three of these beams are used in this study. All beams have the 
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same dimension of 100 × 150 × 2200 mm (width × depth × length). The clear span 2000 mm of the 

beams have been loaded by two equal forces. The cross section dimension and test of set-up are 

shown in Fig.14. 

 

 

 

Figure 14: Cross section dimensions and flexural testing 

 

The average compressive strength of concrete is 19.92 MPa for three specimens. The area of 

CFRP sheet used is 90 mm wide with an average thickness of 0.167 mm and the initial prestressing 

force is 22 kN. Table (2) shows details of mechanical properties for materials. 

 

Table (2): Mechanical properties for materials 

 

Materials 

 

Reinf. 

Area 

mm
2
 

Yield 

Strength 

MPa 

Ultimate 

Strength 

MPa 

Modulus 

of 

Rupture 

MPa 

Modulus 

of 

Elasticity 

GPa 

Ultimate 

Strain 

Strain at 

Maximum 

Stress 

CFRP plate 15.03 - 2941 - 207.2 - - 

Tension 

reinforcement 

bar  

 

101 

 

309.9 

 

372* 

 

- 

 

224.5 

 

0.17* 

 

- 

Compression 

reinforcement 

bar 

 

25 

 

595 

 

714* 

 

- 

 

201.2 

 

0.2* 

 

- 

 

Concrete - - 19.92 2.767
†
 21111

†
 - 0.00182

†
 

†
assumed ( cf0.62rf  ,

5
10168)cf (0.71

0
ε

 , cf4730cΕ  ), * assumed  

 

Fig. 15 shows the moment curvature diagram for beam B5. 
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Figure 15: Moment-curvature diagrams for prestressed beam B5 

 

         Beam B5 has failed at moment 8.75 kN.m, while the ultimate analytical moment is 7.647 

kN.m. 

 

CONCLUSIONS 

 

 The modelling of materials presented in this study is good to represent the actual stress-

strain diagrams of LSC, NSC and HSC and mild and high strength steel.  

 The presented model gives good agreement with experimental results for the structural 

concrete member reinforced with nonprestressed FRP bar and plate.  

 A reasonable agreement between the analytical and experimental results of the structural 

concrete member reinforced with external FRP plate is observed.  
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