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ABSTRACT

Whenever a mathematical model is suggested to classing COVID-19. The population must
be divided into several groups and our model has five groups namely S(t), E(t), I(t), V(t) and
R(t) which represent susceptible, exposed, inflected, vaccinated and recovered individuals
respectively. This model is a continuous dynamical system where the derivative is in
fractional form. An analysis solution evaluates the positivity of the functions S(t), E(t), I(t),
V(t) and R(t) as solutions of the system. The uniformity of the solutions of the system under
consideration is also proved. And finding the equilibrium points. To get acceptable results
one needs the solutions. Some of the solutions are points called equilibrium points and the
other are functions. and studying their stability fractional differential system orders are
checked locally and globally. The basic reproduction number is used to prove the stability of
all equilibrium points as well as the method of the nature of the eigenvalues of the Jacobian
at each equilibrium point. And then studied the local bifurcation to the asymptotically stable
and stable equilibrium points. And evaluated approximately. These solutions must satisfy
the nature of the problem under consideration for example under certain conditions some
of the equilibrium points are stable. Also, the approximate solution must give results close
to the real situation. All these demands are shown in this paper. Approximate and Numerical
simulation is given through a tables and graphs which shows the efficiency of the method,
using the MATLAP to all the figures.

Keywords: Bifurcation, Boundedness, Fractional calculus, Stability, Uniformly bounded.

1. INTRODUCTION

The World Health Organization declared COVID-19 a pandemic in March 2020. This disease
spread very fast in more countries around the world. This leads the governments to make
limitations on travelling inside and outside them. The WHO also issued a series of
preliminary regulatory determinations for healthcare services against the emerging disease
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and called on all nations to cooperate in its control. The disease then spread to the rest of
the world, causing health crises in one region after another. Despite public vaccination in a
limited number of countries, programs such as social isolation, physical distancing, and
wearing masks are employed as the main control strategies to reduce the exponential
growth of COVID-19. Mathematicians together with others submit a large number of models
such as SEIR, SEIVR, and SEQAIJRE. A modeling SEQIR for Italy was submitted (Zahraa and
Al_Azzawi, 2022). In our country a good number of MSc. and PhD. As (Naji and Hasan,
2013; Zahraa and Al_Azzawi, 2022), the thesis are presented an analytical study of the
patterns of the dynamic systems of Covid-19 was carried out using equations of different
orders, whether regular or fractional, and their approximate solution was used under
specific medical conditions, also, a team of scientists looked at analyzing different-order
dynamical systems to understand the evolution and spread of COVID-19, for example (Naji,
2012).

Fractional mathematical models are given on SEI112R and others (Zahraa and Al_Azzawi,
2022). Upon introducing the extended SEIVR model into a limit-state function and defining
the model parameters including transmission, recovery, and mortality rates as random
variables, the problem was transformed into a reliability model and analyzed by the Monte
Carlo sampling (Assessment, 2005). The numerical study of a deterministic mathematical
model of an SEIVR, this model incorporates a temporary immune recovery class which
involves subsequent dose vaccination for the infants, Hypothetical values were chosen for
the parameters to test the validity of the mathematical model, the parameter with the
greatest impact on the model was computed using the eigenvalue elasticity and sensitivity
analyses and it was found that the parameter of the rate at which the vaccine wanes in the
infants has the greatest impact on the mathematical model of (Kapur, 1985). In
(Heffernan et al. 2005) a suitable numerical simulation method was used to solve a non-
linear system that contains multi-variables and multi-parameters with absent real data. A
susceptible-vaccinated-exposed-infectious-recovered (SEIVR) epidemic model for an
infectious disease that spreads in the host population through horizontal transmission was
investigated, it was shown that the model exhibits two equilibria, namely, the disease-free
equilibrium and the endemic equilibrium, by constructing a suitable Lyapunov function, it
was observed that the global asymptotic stability of the disease-free equilibrium depends
on Ro as well as on the treatment rate if Ro > 1, then the endemic equilibrium was globally
asymptotically stable with the help of the Li and Muldowney geometric approach applied
to four-dimensional systems (Van den Driessche and Watmough, 2002). The references
of (Subahtul and Nusantara, 2014; Ghosh et al,, 2022; Ghadeer and Mohammed,
2022) study the stability of criticality of epidemiological systems for COVID-19. Rather
than the local study of the equilibrium points by studying their stability (Van den
Driessche and Watmough, 2002).

A number of researchers (Gao et al., 2018; Ge et al., 2020; Mohammed and Hummady,
2023) studied the stability of the equilibrium points of a number of medical and
environmental models in the world. Several researchers investigated the stability of
equilibrium points in various medical and environmental models worldwide, as referenced
in (Liu and Yang, 2012; AL-Azzawi et al., 2017; Nadim et al., 2020). Several researchers
have explored the stability of equilibrium points in numerous medical and environmental
models globally, as cited in references (Smale and Hirsch, 1974; PaSic et al,, 2011;
Marsden et al., 2022). Several researchers (Kadhim and Hummady, 2024; Ibraheem
and Hummady, 2023; Al-Azaiza and Al-Azzawi, 2023) have studied the stability of
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equilibrium points in various medical and environmental models worldwide. Several
researchers have examined the stability of equilibrium points in a variety of medical and
environmental models globally, as evidenced by references (Naji and Hasan, 2013;
Binuyo et al., 2014; Zahraa and Al_Azzawi, 2022). Also in (Hu et al., 2024) and since
one searches for the global behaviour of the system so we solve it by the Sumudu Adomian
decomposition method this method is effective and its computations can be done
recursively in simple procedure the basic concepts.

2. BASIC CONCEPTS

The following definitions, theorems and examples are essential for this paper and are given
by mathematicans in their research and also are necessary in the evaluation.

2.1. Existence and Uniqueness

Theorem 1 (The Fundamental Existence-Uniqueness Theorem) (Pasic et al.,, 2011):
Let E be an open region in R containing xo and f satisfies Lipschitz condition. Then there
exists an a > 0 such that the initial value problem is:

X = f(x),x(0) = x (1)
has a unique solution x(t) on the interval [-a, a], a > 0.

Theorem 2 (Pasic et al., 2011): If x, is a stable equilibrium point of (1), then no simple
eigenvalue of Df(X0) has positive real part.

Corollary 3 (Shakyaand Lamichhane, 2016): A hyperbolic equilibrium point x* of the
system (1) is either unstable or asymptotically stable.

It should be noted that a saddle point is a hyperbolic equilibrium point if /(x*) has at least one
eigenvalue with a positive real part and at least one eigenvalue with a negative real part.
Definition 1 (PaSicetal,, 2011): Let F={fi:x— k,i €I, a family of functions indexed by
[ where X is an arbitrary set and K in R or C, then F is uniformly bounded if 3 M > 0, s.t.
lfi(x)| <M,Vi €el&x €X.

2.2 Bifurcation
2.2.1 Local bifurcation (Kadhimand, 2024):

Consider the system (1), which has a form that may be stated as when it is determined by
a single parameter pu.

dx

U Fxw), 2
dx dx; d dxn\T .

where; = (%,%, ...,%) f = (fi, far -r )T and u € Risaparameter. f € C1(D X I),

where D an open region in R", n € N, and I ¢ R be an interval. Also, Df (X, u) = J denoted
the Jacobian matrix, and f,(X,u) denotes the vector of partial derivatives of the

components of f with respect to the parameter p.
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As the vector field f crosses a point u = p, in the bifurcation set or the parameter fluctuates
through a bifurcation value u = p,, the qualitative structure of System (2) 's solution set
changes.

Definition 2 (Ibraheem and Hummady, 2023): Bifurcation is a qualitative (topological)
modification in the nature of the System solution that occurs when a system parameter is
changed.

Theorem 4 (Sotomayor theorem) (Ibraheem and Hummady, 2023): Suppose that the
System (2) satisfies that

1. f(x*, 19) = 0,2.] = Df(x*, up) has a simple eigenvalue 2 = 0 with eigenvector V. 3.7 has
an eigenvector ¥ corresponding to the eigenvalue 1 = 0.

Assume that ] contains k eigenvalues with negative real parts and (n — k — 1) eigenvalues
with positive real parts, and that the following requirements are met:

WIS, (x*, 1) # 0 }

WTD2f(x*, uy)(V,V)] # 0 (3)

When the parameter u crosses over the bifurcation value u,, the system (2) experiences a
saddle-node bifurcation at the equilibrium point x*. However, if the following conditions are
met,

WL, (x*, o) = 0, WT[Df, (x*, uo)V] # 0 }

WTD2f(x*, ue)(V, V)] # 0 (4)

Then the system (2) experiences a Transcortical bifurcation at the equilibrium point x* when
the parameter u crosses over the bifurcation value . Finally, if the third requirement in (2)
is not met and the following conditions are met instead,

WT L, (x*, o) = 0, WT[Df, (x*, uo)V] # 0
YT[D2f (x*, ue)(V,V)] = 0 : (5)
LIJT[DBf(X*I :uO)(V ) V ) V)] * 0

Then the system (2) experiences a pitchfork bifurcation at the equilibrium point x* when the
parameter u crosses over the bifurcation value .

Definition 3 (Heffernan et al.,, 2005): An epidemic is an unusually large short-term
outbreak of a disease, such as Cholera and Aids... etc. The spread of diseases depends on
many factors such as:

¢ The mode of transmission.

¢ The type of diseases.

e Susceptibility.

e Infections period.

¢ Resistance. and any other factors.

Definition 4 (Van den Driessche and Watmough, 2002): A mathematical model that
describes the contagious diseases which spread in the population is known as the
Epidemiological model.
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Example 1: SI model (Shakya and Lamichhane, 2016) The SI model assumes that, for a
given population, there are no recovered and everyone is either susceptible to the disease
or else infected

with the disease. Thus from equation (2.1) we obtain S +1=N.

Accordingly, the general form for a mathematical model that describes the dynamics of SI
epidemic model has the following structure:

as
E = —ﬁSI
dl

2 = psi (6)
Where B is the infection rate.

2.3 Basic Reproduction Number

The basic reproduction number, commonly denoted by is a measure of the possibility for
disease diffusion in a population. In mathematical epidemiology, is a sill for stability of a
disease-free equilibrium and is linked to the peak and final size of an epidemic. There are
different methods that can be used for the derivation of, but the two main lines of analytical
method for derivation of are namely by next-generation method (Van den and Watmough,
2002; Heffernan et al., 2005). Survival method (Hu et al., 2024). A brief description of the
next-generation method used is shown below (James, 2021): Suppose that the following
system (with nonnegative initial conditions) represents a disease transmission model with
compartments of (Heffernan et al., 2005). Preliminary and Basic Concepts which for (m<
n) the first compartments correspond to the states with infection:

dxl- _

R 1C) (7

where, x(t)€ R}(nonnegative R™vector) and xi(t) the number of individuals in its
compartment. Assume that Xs be the set of all disease-free states of the system (7) is defined
by Xs={x€ R}|xi=0for 1< i < m}

Then system (7) can be rearranged as
dx;
L= Fy(x) = Vi(t) (8)

Definition 5 (Allman and Rhodes, 2004): The basic reproduction number, denoted as Ro,
is an important threshold quantity which determines whether COVID-19 will continuously
spread in the population or disappear. It is defined as the average number of secondary cases
produced by one infected individual introduced into a population of susceptible individuals
(James, 2021).

Example 2 (Allman and Rhodes, 2004): Suppose the following system of nonlinear
ordinary differential equations, which constituted the SEIRV model used in the outstudy

as@® _ A — BS(OI(Y) — aS(t) — uS(b),
dt
dE(t)
— = = BSOI(®) —YE(t) + afI(V (&) — uE(D),
dI(t)
— = VE@®) = 81(8) — i (2),
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RO _ R
d_‘% = 6I(t) — uR(D),
di ) _ aS(6) — aBIOV(E) — uV (D).

For the set containing all infected individuals (E(t) and I(t)), we defined

_[E®
X0 = [I(t)
dE]
: ax _|ac| _ [ +WE®) +BESE) +aV(E)I(D)
There is at c& B [ YE(@) — (6 +wI(t)
dt |
B(S(E) + aV(ENI(D)] _ (y +wE®) _ _
0 . [—VE ©+ @+ i) “FE -V

FI(X) = [% _ [8 B(S(t) +8V(t))1(t)], Vx) = a;/;;)] [(y+u) " +“)]

The basic reproduction number Ro was defined as the spectral radius of the next-generation
matrix F'(X)V'"1(X) as the following, and more detailed calculation was illustrated in
Supplementary Note S3.1 (James, 2021)

Ry = YESWOHVW®) g reproduction number Ro is used to measure the transmission
r+w)(6+w)

potential of a disease. Intuitively, we can expect that if Ro<1 then the number of new cases
of COVID-19 will decrease, and the number of new cases will increase if Ro>1.

Example 3 (Frolich and Vazquez-Alvarez, 2009): Consider the SI vaccination model
S = (1—p)m — S = (B + Byly)S
Sy = P —pSy — (1 =r)(BI + Bvly)Sy
I'=(BI+pyly)S — (u+a)l
Iy = (A —=r)(BI + BvIv)Sy — (u+ ap)ly
V= u+a
0 U+ ay

3. THE MAIN RESULTS
3.1 The Modified Mathematical Model

The model consists of five different orders of fractional differential equations where S,
E, I,V and R represent susceptible, exposed, infected, vaccinated and recovered
individuals respectively, besides the second iteration of the logistic map.

The logistic map is: Q,,(5)=fS (1 - E) Whose curve is shown in Fig. 1

So that Q,: [0,k] — [0, k], the parameter is must belong to the interval [0,4] from the
figure (4.1) we notice that the population increases in [0 —] and decreasing in [ , k] but
it is known that the growth rate increases and decreases alternatively in [0, k]. The n—th

iteration of the logistic map Q“[n] satisfies these demands and we consider Qu[z] S
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where Qu[z] S = Qu(Qu(g))- This function has two maximum points and are minimum
points in [0, k]. Therefore the new fractional-order system is:

Q.(5

S
. R
2
Figure 1.The Logistic Map -
. : $(1-5)\ e

dals—~~§1 > 1 i ﬁ51+~17—A
qre — FAS\1-¢ 7 g T =S
d=E BST .
W=W_(V1+M1)E=gz
a®si o ~ ~ ~ ~NF A
e WE = (i + 7o+, + V3) = g3 (9)
a*v.  __ .
At = &+ V3l — (@ + V)V = g,
d*sR . s . & ~
Tras = V2l —R = s

The initial conditions of the above system are: S(0) = So > 0, E(0) = Eo 2 0, 1(0) = Io 2 0, V(0)
=Vo >0, R(0)=Ro20and 0 < ay,a,, as, a,, a, < 1. Here in system (9), the growth rate of
the population is denoted by fi. The parameter f is the disease contact rate and k represents
the cairn capacity of the fraction of individuals to be vaccinated. The natural death rate is
denoted by [i; and the disease related death rate is shown by V,,. The exposed individuals are
infected at the rate of V; and ¥, shows the rate of recovery from infection. The inf.ected
individuals are vaccinated/treated at the rate of V5. The vaccinated individuals loose their
immunity at the rate of #,. The amounts of vaccinated is £. by assumed the same transmission
rate in the form of $SI / (1), where s represents a positive function such that { (0) = 1 and
Y (1) = 0. This generalizes the mass action incidence (i.e. { (/) = 1), and the incidence rate
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~aa

BSI/ 1+ ki . For small I, the function I/ y (1) is increasing while decreasing for large I, that is
Y (1)=1+cl?, ci2< 1. This describes the “psychological” effect: for a very large number of
infective individuals, the infection force may decrease as the number of infective individuals
increases, because in the presence of large number of infective individuals, the population
may tend to reduce the number of contacts per unit time.

3.2 Positivity and Boundedness

It is known that the solutions S(t), E(t), I(t), V(t) and R(t) are functions are these quantities
are positive and bounded therefore we must show that those functions are positive and
bounded which reflect that the model is well defined.

3.2.1. Positivity
All the solutions of system (9) are positive.

since

ct®

Let T(t) = TarD

+ T,

Where c & T, are constants, then

a%s _ d%s(T) _ & d*T _ cS(T) T(a+1) _ & . e

e S(T)'_dta = T@sD TarD = c¢S(T), [ By division and multiplication by the
[(a+1) . 1 _

term @D to with suppose @D = c]

Here, the system equations were converted from the fractional derivative to the ordinary
differential derivative. At first must show the positivity of S(t) and similarly for the others.

By taking 0 < a; < 1, puta; = 1 in the 1st equation from the system (9):

So that

as(1-3
S = i(is (1 - i) (1 - ”S(; ")> - gfi’) + 7,7
Thus

. a% 4 4%15 o $ BS(1-9)\  mst o B
And since @ = c¢S(T), and e aas (1 - i) (1 - T +V,V,where a; =
o 3
_ & dS _ . -a $ ﬁs(l—;) BSt | . o _
a =1,then:cS= ol A(as (1 — %) (1 i ~ %) + V,V, thus:

184



Z. M. Jouhda and S. N. A. AL-Azzawi

S=a@s(1-7)(1 B G ) I S P 1(1-3)(1 B0 g,
¢S = [ % K e UV = g LA 2 k 5,
¥, 5 ]dt . [ After multiplying both sides by the term : 5]

Integrating both sides to get:

LnS ()= Ln[ <[ Az (1- —) (1 - §<;_i)> _ gfl’) + 9, g] ‘e,

Now by taking the exponential function to both sides we get :

S()=S,e ) >0, [e“1=S,, both c; &S, are constants]
And similarly for the others equations on the system (9).

3.2.2. Uniformly Boundedness

All the solutions of the system (9) are uniformly bounded.

Any solution of system (9) with nonnegative initial let (S ), E@),I(0), V), ﬁ(t))
condition ($(0), £(0),1(0),7(0),R(0)) € R®.Let () = $(t) + E(®) + [() + 7(t) +
R(b)

%[S(t) + E(t) + I(t) +H(t) = —S(t) +— E(t) +—I(t) +— V(t) +— R(t) = H(t) <
V(®) +R(®)]

1 (A3t (EPRZ-P2K)S2+p%k2S  BST BSi _
= =3 w(1)+ 4V+1l)(1) Wy + 0)E +9,.E — (i, + o + 7, + T3)I +

i + ¥ — (fiy + ¥,)V + ¥, — [i;R], Where c is max { ¢y, ¢;, €3, €4, C5}

_1 T384+ (3 k2 -1i%k)S2+1i%k2S
c k3

— ) — iR + jif] <- [,uS + 9, E + 9,0 + 7,V — iR +
uf]

+ (Vg = fig = V)V + (0 = ¥y — i) E + (T3 + U, — fiy — Vo —

A A ~ ~ A~ ~ A~ 7162 ~ ~ N A~ ~
Now H (t) S%[—/J(S+E+I+V+R) +2ﬁ5—%+ﬁf+ (V, = V1) E —Vyl], Since S(t) < k
soFE <k

Therefore H (t) <
1))k

Let L =& + 2jik + (¥, — vl))k Then H(t) + 2 H< L 1st order differential inequality, H

Ol

[—iH + & + 2k + (7, — 7)k] = B() + LH< 5 + 2ak + (7, —
C

ect < fLec dt +c¢; = Zec Lec,
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~ il ~
Therefore H(t) < L?” +ce = tlim H(t) < LT“ =.. H(t) is uniformly bounded.

3.3 Equilibrium Points

the equilibrium points of system (9) are determined by equalities the R.H.S. to zero. Consider
the first four equation by equating there four conditions to zero to get the equilibrium points:

From the 2nd & 3rd equations of system (9):

(,BS (#1+V1)(q"(1)(( #1+V0+V2+V3))I

V1

= 0, And rom this eq. get two cases :-

. =éf1-3 e
2t anas(1-§)(1- 2 22—

_ _ =0
k3 Hy + Vy
1 kv,
$* + (k2 ——k)52 + - k28 +;“'E
i f 3 ({1 + Vy)

Where
(1) (k? - lié) =3
ﬁ 1

=~ k ~
@) 1k =d, (o2l

(Hat+Vg)

By Ferrari method (Kadhim and Hummady, 2024. ) the equilibrium points are:

S*+3,82+3,5+3; =0

5= 3+ Ze foueo+Zee (i) +22)

o 1 ( P PR UM P
2773 utw+ === Flutju) =

S =2 ( s+ 224 Lgusgm+ 22y
3—2 u u 3 3]u ju 3

o 1 1( +_)+252 1 +,__)+252+
477 g T T s Uu+ju) +—3

And if §i < 0, then it's neglect, so §i,i = 2,3,4 are neglect.

(j2u+j72) + %

[SSRINE

24,

(jzu +j_21_1) + N

W] =

24,

(jzu +j_2‘L_L) +T

W] =

The 15t equilibrium pointis (5, E,1,V,R)=( §,,0, 0, E ,0)
4-
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Case 2:-
~n i, +V i, +Vvo+7V,+7V ~
,BS—(M 1)(#1~ 0 2 3)4’(1) -0
Vi
k_ (1 + 12) where kl (H1+91) (1 +Vo+V2+7V3) (10)

\21

Substituting (10) in the 1st equation of the system (9) to get a forth degree equation in I:

252_1,\ 53_1(1,\ 54'{'51_5152

(S R RN —— — =0
az aia; a;a;
Where
ik, ky U473 WM
1) — = ,(2) ===13,,(3) = = — ,
(D5 =3, @) =0 @) () =,

By Ferrari method (Mohammed and Hummady, 2023) the equilibrium points are in Table
1

Table 1. The critical points

< s Ik <9 5 _ B+ 4V5 o o B+ 5 _ V2l
I; S; = f(l‘l'll E; = Vs * I Vi=— Ri_T
_ My t+Vy
A A2 -
I,=€ So==(1+¢6 PO VPRV OIR SRy AT o~ 5 V6
0—%1 U ( 1 ) E0=H1 0\7 2+V3 * 8 o i€ + v, Ro= T
= ",\vl " 1 0o — ? ~
=t R Hy TV, =h,
=&,1, fy s 2\6 - o
= ? (1 + 62 )Sl =ﬂ1+V0+V2+V3 " ,e\z’E\l & uz + VIeZ :\)232: ﬁl
N v 1= i
=W, . 1 i1+ 7V, ~
= tz Y, = hz
=0
=e3l; =4 (1 4 8;,%)8, Hy oty A o B L R 98 o
B R R T A i S
=& 1T Vs
=W A n _
3 = t3 = 3 = h3
~ 8 k A 2Va e e . HE+ Ve, .
=e,l3 == (1 + 942)53 HatVotVetVs o B 3= ———— V2l p
b v, 43 H1+ Yy @ 3
=Wa =1, =1y =h,

Therefore this system has five equilibrium points namely : A1 = (S}, 0,0, “Ev ,0),
4

s = (85 Bl TR, ) =
@3, ts,85,0 B

)= (G5t b ),

Azz(go,ﬁo,io,vO,’Ro):(\//\\71,%1,6 ’f
PPN 3’f
A5 = (§7,E3,T3,\73,§3) = (\7\74,%4,@4,?4,?14)

(Wz’fz’ézl%zlﬁz );A4 = (gs,Ez, 2, V2,

70) ::r>

Now, since

k, =2%10°,9, = 0.001, %, = 0.009,V, = 0.07,V; = 0.04,9, = 0.2, = 0.002,letE =1
, L = 0.025, fi; = 0.005. Then the five equilibrium points are :
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1.A; = (400.04,0,0,0.122,0),

2.4, =(911731,10.6,0.7,0.2,5.6),
3.4; = (4591085.7,38.51,2.6,0.24,20.4),
4.A, = (183570,7.6,0.5,0.144,4),
5.45 = (673090,21.14,1.4,0.2,11.2).

3.4 Stability of the Equilibrium Point

Checking the stability by the eigen value method is difficult so the stability will be checked
by the basic reproduction number Ro.

One can evaluate Ro by applying the following steps:

d%2E , d*3]
&

at®2 at®s

1. Take the equations of of system (9).

. T BSI
2 Let F = [t€Tms containg multlpllcatlon] _ Ilel _ [f1] '
terms 0 falyn
Wee [single] _ (V1 + fiy)E _ 'gl]
terms _\71E + (ill + 170 + 172 + 173)i -gZ lel

3.Compute F & W =F = g]’i; ;flz = (1+12)?

ah  dfr BSI(1-1?)]
Io ciUCl)
0

dE  dl 0
491 491 U
QW = |4 = [(V1 + fip) 0
% % -V (fiy + Vo + 7, +V3)[
E o dl

4. Evaluate F & W at the equilibrium points:-

. [0 0.8001
D Fla, =], |

: _ [0 39.640435
(2) F |A2 - 0 : 0 ]’

: [0 150.9233
o 0 2295 ]
S
G Flu=[, )

(V1 + 1) 0 ] .
5.LetW* .=[ - - - - - <|,i=1,2,3,4,5.
IAL —V (i + Vo + 7, +73)

- =1 —1_[1 0
Find W* °, since W* "= [0.8 1.2],
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6.Find F*.wW*1:

(1)

(2)

(3)

(4)

(5)

=l = :8 080011, eyt [8 K 12] 06401 001], nd

since Ro is the highest non negative value of the main diagonal elements = Ro=0.6401 <
1. Thus, A; is Asymptotically stable equilibrium point.

0. 8001] [

F*=F _ [0 39 640435 e O 39.640435]1 1 01_
=Fla =1, [orw o Mos 12=

[31 73235 42 6] and since Ro is the hlghest non negative value of the main diagonal
elements = Ro=31.71235 > 1. Thus, A, is unstable equilibrium point.

£ _ _ [0 150.9233
F*=F|,, = 0]

« -1 _ [0 150923371711 01_70120.74 181.12 . . .
F*W* " = [0 ] [O 8 1 2] = [ 0.2 , and since Ro is the highest

non negative value of the main diagonal elements = Ro=120.74 > 1. Thus, A3 is
unstable equilibrium point.

£ _ _ [0 2295 « -1 _ [0 2295717 1 01_170183.6 275.52
Fr=Fly,=|, “, |=F.w _[O os 1al=1 . | and
since Ro is the highest non negative value of the main diagonal elements = Ro= 183.6 >

1. Thus, A, is unstable equilibrium point.
x5 [0 —30 53
F*=F|a = !

L0
« =1 _ [0 —30 53 2.824 -36.64
Fw=[0 70 los 12l =17%
non negative Value of the main diagonal elements = Ro=0 < 1. Thus, Ag is stable

equilibrium point.m

, and since Ro is the highest

3.5 The Local Bifurcation

Local bifurcation analysis near As: because it happens at As only.

s _ o 15 (1 _E) 1— (D)) _ s -

dte A k k TR h

a%E _ St _

Atz ‘P(I) (Vl + I-J-l)E = fZ (11)
A% o~ s

T = NE = (i + 7 + T, + V)= f3

A%y = s

Trar = S+ V3l = (i + TV = £,

d%sR - 2 JUPN

dt%s = VZI - I‘llR = f5'

Now to study the Bifurcation at the equilibrium point As by the following theorem :

The

equilibrium point A< of (9) is saddle node bifurcation when the following criteria are

fulfilled:
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. 402.24PJ;+402.24BV,

V3 = e
(12)
e - Wy + i) (fiy + Vg + 7, + V3) + 402.2437, e - (fiy + Vo + V, + 73)
1= 31’3’ y 2 = 171 )
€, = —40~2.243,€4 =:_z ,and €5 =M
Vy H1 Vs

with the parameter 75 passes through the value ¥; = 73, has a saddle - node bifurcation, but
neither a trans critical nor a pitchfork bifurcation at As.

According to the Jacobian matrix (45 ) given by (9),
df dfi dfi dfi df
dS dE di dV dR
df, dfy dfy dfy dfs
dE dR
df,

a1 Q412 Qg3 Qg4 Qg5 dS dE di W

Gy Gy Q3 Qpg dgs 2 S 7 7

. ~ - - ~ ~ d d d d

J =031 Qa3 043z d4zg Aazs| = —ff —ff —ff —ff
Qg1 QAgp Qg3 Q44 OJ4s dé’ dé' d{ dl{ djg
sy Gs; Gs3 Gse dssl [Ya dfa dfs dfs dfa
ds dE di V dR

i
th &y &y &y df

dS dE diI dV dR

the system (9) at equilibrium point

€4,€4,

L+v
Ro= 0 < 1, hence the Jacobian matrix J(4s) becomes: Let ﬁ[S] be any non zero vector such
that Hys) = (Hy, H,, Hs, H,, Hs)

= (k Aoy HiHVo+Ua+V5 o 5 [E+V3V.E, V,é . .
AS:(? (1 + ¢2), BP0 r2Ths BE4V5V4s ﬂ) , has no positive eigenvalue, say:

Where ﬁ[TS] = (ﬁl’ﬁz,ﬁ3,ﬁ4,ﬁ5)T

D (ﬁ, H[5]) =
[4S3+ Pk - Ik S+2i’k)S Bl 0 _ BS(1+1%) 5 0
Jes 141 (1+1)? *
D5 nBé 72
T eorm) R 0o
O 171 _(ﬁl + 170 + 172 + 173) 0 O
0 0 V3 —(fi;+7,) O
0 0 172 0 _ﬁl-
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(120282 23k 2%k B(1-1°) -B(1-1?) 2831

k3 (1+12)3 (1-12)? (1-12)? 00
o B(1+1?) B(1-1?)-2p1 2881
D? (T, A[5]) = (1+1%)2 0 (1-12)2 (1-12)3 00
0 0 0 0 0
0 0 0 0 O
0 0 0 0 0
p3(Z,215)) =
248 2BI(1-1%) 0 2B1(1+12) +4B1(1+1%) 0 0
k3 (1+12)3 (1+12)*
2B21(1+12)% - aBi(1+12)° =281 . 2BS(1+12)° 1285213 (1+12)?
0 0 (1+/2)4 + (1+12)6 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

A A A A A

letAs = (S$,E,I,V,R) = As = (673090,21.14,1.4,0.2,11.2), and under the stability

2fiS Thus 7. = 402.24B7;+402.2437,
3S+2p2 3 ,

condition k <

A[5] = [1:11, A, A3, H,, ﬁs] = [€1FI3 ,€21-AI3,I-AI3,€3I-AI3,€4], where Hsis non zero number.

Now find [f[5]]T and multiplying with vector ¢[5].

0,d,, 0], such that ¢, any non zero real number.cf)gs] = [ci)l By, b3, Py, (f)s] = [€5¢34 ,0,

Consider {i is the dependent parameter for System f;, and to derivative the system (9) with
df, df, df; daf, dfs

s T
i afi L dfi _ oA ) = ( _____ ) _
respect to parameter k, such that Frndr fE(Al, k) T aoasa =

73 773 772\ 62 T28_2L2(73384 1 (77132 _y27,\ 62 1. 7y2T,2 & T ~
(k ((2k [H%)S4+2kH=s 3k~(u S*+ (k- k)S“+ii“k S),O,O,O,O) .SO,fL(AS,k) _
k6 k
530273 72 T2 _af2 ~3 ~37.2_~27\ 4 w252 T
.(k ((2kE3-1%)807.13+56.82k 12 —3k (?{561.5;1 +807.13(28.4173k2—i%k) +[?k ),0,0,0,0) £ 0
T 2302773 — 72 T2 _3%2 ~3 ~3T.2 _~2%\ 11252
2[5 o\ _k3((2kE3-1%)807.13+56.82k{i%—3k2(651.53+807.13(28.41 73k >~ [2R) +{i%k?) ~ » &
65| £z(As, k)= = €5ba, b
0.Therefore, according to [Sotomayor's theorem for Local Bifurcation 18]. By substituting
T D ~ &3, ~27.2 ~37.28, 5~2TN & B
= . N 3 2 W T 2 AUS +H“k“—2U°k“S+2[“k)S BI \ ~
A[s] in Ba12: [$] (A5, B) = 2, [( 2 ~ s, -
BS(1-12) . I A A e A ] .
(1(”2)2) as + v3a4] H3 + @4[V3ds — (g, V4)d,]Hz # 0. Thus, according to the Sotomayor's

theorems, System (11) has saddle node bifurcation at As with parameter k.m

4. APPROXIMATE SOLUTIONS

In this section an approximate solution at the system (9) is evaluated by Sumudu Adomain
decomposition method.

Take Sumudu transformation to both sides of (9) to get :
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S[DSs] = S[u(us (1-3) <1 - @) — BsI/®() + vy V]

S[D:2E]=S[ BSI/¥(I) -v; E-u;E]

S[D31] = S[V4E — (ug + v + vy + v3)I] (13)
S[DS4V] = S[UE+vs I — uV — v, V]

S[DYSR] = S[v, I — u;R]

then

k ()
u=*2[S(E) = E(0)] = S[BSI/W(D) — vy E— K]

w=%[S(I) = 1(0)] = S[v4E — (g + v + vz + v3)I]

u™%[S (V)-V(0)]=S[ug + v3 I — iV — v, V]

u™*[S(R) = R(0)] = S[v, I — mR]

Now substituting the initial conditions:

S(0)=So, E(0)=Eo, I(0)=lo, V(0)=Vo and R(0)=Ro;

and taking the invers transformation :

S(t) =So+5 ™ [u“ls {u(us (1-3) <1 - @) “vtY V}] : (14)

E(t) =Eo+S~ 1 [u®S{BSI/¥() — v, E — w,E}];
I(t) =lo+S [u*3S{v E — (U + vy + vy +v3)I}];
V(t) =Vo+S I [u®S{ug + v3 I — uV — v, V3];
R(t) =Ro+S1[u*sS{v, [ — 13 R}];

This system is non linear so Sumudu transformation is not applicable but if we use Adomian
decomposition method then at system (9) becomes linear and to do so we apply ADM as
follows suppose :

S=Xi20Ss E = Xi2oEil = X205V = X220 Vis R = X% i—o Ri;
Suppose SI=}.;2, P; ;where , P; = ¥52,1; S;_j;

Therefore (14) becomes :
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o) oo [ Z?iOSi
o ¢ u3e, s, (1 - 2izedi o p
T

i=1 i=0

o)

+vs ) V)

i=0

[e'e] — Zfi Pi oo [e'e)
i=1Ei =Ey+S ! [uazs{—ﬁ =2 S~ Vi YicoEi —m X2 Ei}l;
Yi2old)

=10+ ST uSS{v ) Bo— G ) li+vo ) T+ v ) li+vs ) I}
i= i=0 i=0 i=0 i=0 i=0
D V= Vot STHUSS(E+v3 ) =i ) Vimva ) V]
i=1 i=0 i=0 i=0
> Ri=Ro+STHuwS[v, ) k= ) R
i=1 i=0 i=0

Therefore

P

=y

Sn
— Sn uSn\1—=- BPy
Swr = ST [wS(uus, (1) (1 el )> i vl

Ensr = $7 [uS {2 — viBn — miEnf

Inyr = ST HuSS{v1Ep — (uiln + Vol + vl + v3ln)}];
Visr = S™Hu S{uE + valy — iV — viaVill;

Rpy1 = S7Hu%S{val, — gy RR3;

() If n=0,1.

If n=0, then the 1st iteration S;, Ey, I;,V; and R, are given by:-

t%
S, =x;———;wh
1 xl]’(al D where
S
SO nuSO (1 - 70) ’BSO
x1 = M(MSO (1 — ?) 1 —_ k — q](]o) + V4V0
_ t*2 _ BPy _ )
E, =x, F(azﬂ),where X2 = Yay viEy — uEy;
asz
I, = x5 m; where x3 = v Ey — (g + v + vy + v3)ly;

193



Z. M. Jouhda and S. N. A. AL-Azzawi

Journal of Engineering, 2025, 31(2)

42

Vi = X4m; where x4, = u§ + v3ly — uVy — v4Vy;
443

R ;where x5 = vylg — 1 Ry;

L= T+ 1)

(2) If n=1, then the 21d iteration S, E,, I,, V, and R, are given by:-

BPy

=57 s (1-3) (- -

> P1 = 5011 + 5110;

N + V4V1}l ;and since P; = Yi-o ;Si—j;

2 t2a1 _ (#_3 “_2) 2 t3a1 “_3 3 t4a1 _ I’L_3 4 tS(Zl _ ‘Bsoxgta1+a3
Sa = uox r(2a;+1) k + ) X1 r(3a;+1) Kz X1 r(4a;+1) k3 *1 rGsa;+1) YU +az+1)
ta1taq
V4x4 F(a1+a4+1)
BS1P
E =S‘1[u“25{ —v,E, — E}];
2 v (L) 1£1 — H1Lq
_ ﬁSOxB ta'1+a'3 ﬁloxl t(l1+d2 _ tZ(ZZ
T Wy NagtastD) | w(ly) Magtap+1) (v + )%zt —
I2=S Hu*S{v E; — (g + vo + vy, + v3)}
ta2+a3 t20(3
Vi T taa i) 3 (1 +vo + vy +v3) r(2az+1)
Vo = S Hu*S{ug + v3ly — Vi — v4Vill
ta3+a4 2a4

= V3 T ataat) (k1 + V)X r(2a,+1)
Ry = S7Hu%sS{v,1; — uy R3]
_ tlZ3+lZ5 t2(15
- V2x3 F(a3+a5+1) - Mlxs F(2d5+1)
Also the exposed population is given by :
1- S(t)=So+S1+S2

_ t%1 P t2a1 _ (#_3 #_Z) 2 t3a1 ”_3 3 t4a1 _
S(t)=So+x, M(a;+1) T r(2a;+1) k + ) TGa+D +2 2 X1 Taa+1)

/1'_3 4 tSafl _ ,BS()tha1+a3 ta1t+ag

PERE! r(sa;+1) wU)M(as+az+1) T VaXy May+as+1)
2- E(t)=Eo+E1+E2

_ tx2 ,B50x3 t*1tas ﬁIOxl tx1taz _ tZaz
E(0=Eo+ X o 5t @D T 9l e~ V1 T X2 0
3- It)=lo+l1+12
I _ I t%3 . taz2tas t2a3

(0=lo+x; Mt %2 Taranrl) X3(ky + Vo + vz +V3) [(2a3+1)
4- V(t)=Vo+Vi+ V2
t%a ta3tay 2ay4

V()= Vo +x, T(a,+1) tTVs¥s T(azt+a,+1) (11 + Va)xs F(2as+1)
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5- R(t)=Ro+Ri+R2

as ta3+a5 t2d5
R(t)=Ro + x

— H1Xs (15)

t
— F VX3 T———— —
5 M(as+1) 273 Maz+as+1) r(2as+1)

5. NUMARICAL SIMULATION

Case (1): Now if we take Sy =1,E,=1;1,=1,Vy;=1; Rp=1; u=0.025k=8x
10°,v, = 0.001,v, = 0.009,v, = 0.07,v; = 0.04,v, = 0.2, = 0.002,letE = 0,p =
0.025,u; = 0.005.R, =5;¥ () =¥() =¥(y) =1; a,ay, a3, a4, as = 1, thus (1), (2),
(3),(4) and (5) in (15) we get:

S(t) = 1+0.2t +0.33002t2 — 0.00000000001¢3 + 3.2552083t* — 0.000000000001¢°>
E(t) =1+ 0.2t +0.033¢t>

I(t) =1 —0.071t + 0.0031t2

V(t) =1 +9.9t + 0.34t>

R(t) =1 +0.002 t-0.0001 t2

Table 2. The interval points for SEIVR, when a4, a,, a3, a4, a5 = 1

tio 0.1 0.2 0.3 0.4 1
S(t) | 1 1.023 2.22 2.99 3.2 4.8
E(t) | 1 1.02033 1.04132 1.061 1.081 1.233
I(t) | 1 0.99321 0.985924 0.97897 0.97209 0.9321
V() |1 1.9934 3.016 4,0006 5.0144 11,24
R(t) | 1 1.00019 1.00039 1.00059 1.00079 1.0009
B00 I . : l : I [ .5. |
E
700 | \",
R
600 | )
500
ey
Lo 400
300 |
200 +
100 -
0 ) 0.5 ) 1 1.5 2 258 3 3.5 4
t
Figure 2. Graph of S(t), under the conditions : a;, a,, a3, a4, as E(t), [(t),V(t) and R(t) =
1,t €[0,4].
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From Fig. 2 and Table 2 we notice:

(1)  The susceptible population S(t) increases rapidly at the beginning because they do
not know the danger then it stabilities at acceptable number.

(2) The exposed E(t) also increases because either they don't know the infected or the
infected people don't declare their disease after that according to the limitation ordered
by medical organization the number of E(t) decreases.

Similar interpretation for I(t), V(t) and R(t).

Case (2): Ifal = 07, a, = 06, az = 08, ay = 09, asg = 091, with SO = EO = IO = VO =
Ry = 1,thus (1), (2),(3), (4) and (5) in (15) we get :
S(t) = 1+0.12t%7 —0.001t** — 0.0000000024¢** + 0.043t%*® + 1.3t16 — 1.2t

E(t) =1-0.63t%6 —0.12¢12

I(t)=1 —0.05t%8 —0.0001t*2 +0.0004¢t1°

V(t) =1 +10.6325t%° —0.001¢t*7 — 0.9t

R(t) =1 +0.0015¢%°1 — 0.0013¢ — 0.000002¢182

Table 3. The interval points for SEIVR, when a¢; = 0.7,a, = 0.6,a3 = 0.8,a, = 0.9,a5 = 0.91

t|o 0.1 0.2 0.3 0.4 1
S(t) | 1 0.94 0.89 0.887 0.886 1.26
E(t) | 1 0.8 0.7 0.6 0.5 0.25
I(t) | 1 0.992 0.986 0.980 0.976 0.950
V() | 1 2.352 3.547 47007 5.8337 12.5312
R() |1 1.00005 1.00008 1.00011 1.00013 1.00019

—S T T T T T T
45 E /
| -
40 |—V e
R -
35
30+
EQS
L
20
15
10 F
5 I —
0 _1__ ___1_: __L____ r— — ]
05 1 1.5 2 25 3 35

Figure 3. Graph of S(t), E(t), I(t),V(t) and R(t) under the conditions: a; = 0.7, a, =
0.6,a; = 0.8,a, =0.9,a; =0.91,t€ [0,4].

1
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From Fig. 3 and the Table 3 we notice:

(1)  The susceptible population S(t), V(t) and R(t) are increases rapidly at the
beginning because they do not know the danger then it stabilities at acceptable number.
(2) The exposed E(t) and infective I(t) are decreases rapidly but not equal to zero
because either they don't know the infected or the infected people don't declare their
disease after that according to the limitation ordered by medical organization the number
of E(t) decreases.

Case (3): Ifafl = 08, az = 061, a3 = 07, a4 = 06, as == 08, Wlth SO == EO == IO = VO =
Ry = 1,thus (1), (2),(3), (4) and (5) in (15) we get
S(t) = 1+0.111¢%8 + 1.7¢1* +0.001¢16 — 0.0000000002¢%! + 0.611¢321 — 1.042¢*

E(t) = 1-0.634t%%1 —0.005¢°

I(t)=1 —0.01¢t%7 —0.0001¢131 +0.001¢%4

V(t) =1 +12.63t%¢ — 0.002¢t*3 — 0.0021¢2

R(t) =1 +0.00111¢%® — 0.0014t*> — 0.000002t*¢

Table 4. The interval points for SEIVR, when a¢; = 0.8,a, = 0.61,a3 = 0.7,a, = 0.6,a5 = 0.8.

t|o 0.1 0.2 0.3 0.4 1
S(¥) | 1 1.085 1.211 1.36 1.53 2.38
E(t) | 1 0.8 0.7 0.6 0.5 0.36
IM |1 0.998 0.996 0.994 0.992 0.990
V(t) | 1 417227 5.80807 7.1321 8.2872 13.6259
R(Y) | 1 1.00013 1.00018 1.00019 1.00017 0.9997

0 fF———— -
—S
E
|
-50 ME
R
=
L
-100 +
-150 +
-200 - : : : " ‘ . J
0 0.5 1 15 2 25 3 35 4
t

Figure 4. Graph of S(t), E(t), I(t),V(t) and R(t) under the conditions: ; = 0.8, a, =
0.61,a; =0.7,a, = 0.6,a5 = 0.8, t € [0, 4].

197




Z. M. Jouhda and S. N. A. AL-Azzawi Journal of Engineering, 2025, 31(2)

From the Fig. 4 and Table 4, we notice :

(1)  The susceptible population S(t) decreases rapidly at the beginning because they do
not know the danger then it stabilities at acceptable number.

(2) The exposed E(t) increases because either they don't know the infected or the infected
people don't declare their disease after that according to the limitation ordered by medical
organization the number of E(t) decreases.

Similar interpretation for I(t), V(t) and R(t) they are also increases.
6. CONCLUTIONS

The dynamical behaviors of model (9) are discussed in this paper. Model (9) contains five
fractional differential equations with different orders concerning COVID-19 is given and the
five parameters are S(t), E(t), I(t), V(t) and R(t) which represent susceptible, exposed,
inflected, vaccinated and recovered individuals respectively. An analysis solution is
evaluated positivity of the functions S(t), E(t), I(t), V(t) and R(t) as solutions of the system is
proved. The uniformly boundedness of the solutions of the system under consideration is
also proved. And finding the equilibrium points and studying their stability a fractional
differential system orders are checked locally and globally. The basic reproduction number
is used to prove the stability of all equilibrium points as well as the method of the nature of
the eigen values of the Jacobian at each equilibrium point. And then studied the local
bifurcation to the the asymptotically stable and stable equilibrium points. We modify an
SEIVR model concerning COVID-19 from 1st order system into multi fractional order system
of differential equations and finding an approximate solution by using Sumudu Adomian
decomposition method because we try to give qualitative results rather than qualitative
results.

NOMENCLATURE
Symbol Description Symbol Description
COVID-19 Corona virus disease 2019 G(u) Sumudu transform
I'(z) Gamma function ADM Adomian decomposition method
B(n,m) Beta function M Jacobian matrix
F(s) Laplace transform SADM Sumudu transform with Adomian
decomposition method
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