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ABSTRACT

Accurate prediction of electromagnetic moments in odd-A nuclei near doubly magic cores
is challenging due to their sensitivity to core polarization and single-particle structure. This
study investigates the predictive performance of Skyrme-HFB (SLy4) against shell model
(SM) calculations for quadrupole moment (Qz0) and magnetic dipole (M1o) in the selected
nuclei (170, 17F, 39Ca, 39K, 47Ca, 4°Sc, 131In, 133Sb, 133Sn, and 299Bi) near doubly magic cores
using the Hartree-Fock-Bogoliubov (HFB) method and the SM method. The SLy4 interaction
was used in HFB calculations. On the other hand, SM calculations were performed in sd, sd-
pf, fp, and jj shells using USDC, SDPF-U, GXPF14, jj45pn, and sn100pn interactions. The
calculated results of both methods were compared with experimental data from the
[IAEA/INDC nuclear datasets. For Q20 Skyrme-HFB predicted the correct sign with minor
deviations in the value of light nuclei (e.g., 170, 17F, 39Ca, 47Ca) by about -7% to +6%, but for
heavier nuclei like 39K and 4°Sc the deviation is much higher about (-88% and -85.7%), and
for nuclei around 132Sn and 298Pb cores (131In, 133Sb, 133Sn, 209Bj) the deviation was also high,
ranging from -81% to -96%. Meanwhile, the SM Q20 results showed a significant
improvement, with a deviation of 1-16% for the whole set. For M1o, HFB calculations were
close to experiment for light nuclei (170 and 17F) with deviation (0.99% and 1.53%),
respectively, and reasonable for nuclei like (47Ca = 4.5% and 3°Ca = 11.5%), but deviated
strongly for 39K by -73.87%. M1o for heavier nuclei was not evaluated within HFB in the
present work. SM calculation reproduced M1o with absolute percent deviations of (0.03% —
29.23%) across the studied nuclei (median |A%]| = 8.09%), where the lowest |A%]| values
were 17F (0.03%), 299Bi (0.29%), 3°K (0.38%), and 170 (0.87%), while the highest |A%| values
were 39Ca (29.23%), 133Sn (25.53%), and 133Sb (23.33%).

Keywords: Shell model, Hartree-Fock-Bogoliubov (HFB) method, Electromagnetic
moments, Odd-mass nuclei, Nuclear deformation, Time-odd fields.

1. INTRODUCTION

Electric quadrupole (Q20) and magnetic dipole (M10) moments provide essential information
about nuclei, such as nuclear shape and structure. The study of these moments is one of the
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most crucial fields in nuclear physics, especially for nuclei far from stability, where
experimental studies are limited (Harding et al.,, 2020; Koszorus et al., 2024; Stone,
2024). New measurement techniques for moment, such as collinear laser spectroscopy,
have significantly improved accuracy. This allowed for a precise comparison of the mean-
field (MF) and SM predictions across the nucleus set (Harding et al., 2020; Koszorus et al.,
2024).

The nuclei studied in this work are one particle or one hole away from the doubly magic
cores, with both Z and N as magic numbers (8, 20, 28, 50, and 82). They are considered good
probes for study, as they are close to spherical systems with one valence nucleon outside the
closed shell, in which their Q20 values are sensitive to the detailed outer-particle
configuration and core polarization. This is what makes good benchmarks for both SM
calculations and the HFB approach (Alzubadi and Allawi, 2021; Sassarini et al., 2022;
Sassarini, 2023). Additionally, many of the chased nuclei have precise experimental Q20 and
Mi1o values from high-resolution hyperfine-structure and laser-spectroscopy measurements,
making them a clean test group for theoretical approaches (Sassarini et al., 2022;
Sassarini, 2023).

Calculating electromagnetic (EM) moments in odd-mass nuclei is way tougher than in even-
mass systems. Due to the time-odd component activation and time-reversal symmetry
breaking in the energy density functional (EDF), terms like these are not found in even-even
configurations (Spevak et al., 1997; Bonnard et al., 2023). In the Skyrme-HFB approach,
it is possible to calculate them because time-even and time-odd fields are both present in the
total energy equation (Dobaczewski and Dudek, 1995). Thus, it is more sensitive for
calculating odd-mass nuclei, particularly for the EM observables, especially Mio.
Furthermore, the treatment of these nuclei necessitates the blocking of a quasiparticle. This
blocking modifies the matrices to accurately represent the occupied configuration, thereby
influencing the total energy and EM outcomes.

In the HFB framework, the blocking condition a,iIHFB) = 0 defines the occupation of a
chosen quasiparticle state. This modification adds terms to the self-consistency loop and
extends the calculations (Bertsch et al., 2009). (Sassarini et al., 2022) showed that the
mean field (MF) generally appears easier, especially when pairing interactions are weak, and
that time-odd fields continue to be significant even in the vicinity of closed shells. Nuclear
deformation and EM moments have been thoroughly investigated within both the SM and
HFB frameworks. In the case of light nuclei, such as 7Li, 1°F, and 27Al, Shell Model calculations
successfully reproduce the experimentally measured EM properties (Harby and Alzubadi,
2022). For nuclei within the medium and heavy mass ranges, including the transitional
isotopes in even-even nuclei, self-consistent HFB methods provide a dependable
characterization of deformation. (Alzubadi and Abdulhasan, 2015; Alzubadi et al., 2015;
Alzubadi and Obaid, 2019). (DobaczewskKi et al., 1984; Dobaczewski and Dudek, 1995;
Schunck et al., 2017) highlighted the importance of time-odd MFs within the Skyrme-HFB
framework, particularly concerning odd-mass nuclei.

The objective of this work is to calculate the Q20 and M10o moments of some odd nuclei near
doubly magic cores (170, 17F, 39Ca, 3°K, 47Ca, 4°Sc, 1311n, 133Sb, 133Sn, and 20°Bi) within the HFB
framework of nuclear density functional theory (DFT), using the SLy4 interaction
(DobaczewskKi et al., 2009; 2021; Schunck et al., 2017), and the SM calculations using
related valence spaces (sd, sd-pf, fp, and jj shells) and modern effective interactions (USDC,
SDPF-U, GXPF14, jj45pn, sn100pn). Then the Q20 and M1o results were compared with the
experimental values from the I[AEA dataset referenced as (Mertzimekis, 2016;
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Mertzimekis et al., 2016; Stone, 2024). Even- and odd-mass are both considered, with a
special focus on how pairing in time-odd MFs influences nuclear deformation and EM
properties.

2. THEORY AND METHODOLOGY

2.1 Hartree-Fock-Bogoliubov Formalism

The HFB method treats pairing correlations within nuclear DFT self-consistently, where the
total energy is a functional of the one-body densities and the pairing tensor.

(l,t Zl(Ulkcl-l- + Vlkcl) (1)

where clf ,C; are the operators are responsible for single-particle creation and annihilation,
respectively, and Ui, Vik represent Bogoliubov amplitudes in the HFB equations. Blocking a
quasiparticle state in odd-mass systems activates the time-odd fields of the Skyrme EDF and
breaks the time-reversal symmetry (Engel et al., 1975).

2.1.1 Currents and Local Densities

The EDF primarily relies on local densities and currents derived from one-body density
matrices. For g nucleon (g=p, n for protons or neutrons), respectively:
The particle density

pq(r) = X Vi [ (D) (2)
kinetic density

Tq(r) = Xk sz [V (1) [ (3)
spin density and spin-current tensor

$q(1) Jguv (1) (4)
where pq, Tq, Sq, and Jq, pv are particle, kinetic, spin, and spin-current densities for nucleon q.

2.1.2 Energy Density Functional

The total HFB energy functional of the nuclear Hamiltonian is written as (Beiner et al.,
1975).

E = Exin + Esk + Ecoul + Epair (5)

The equations for kinetic, Skyrme, Coulomb, and pairing energies are defined below from
Egs. (6) to (8):

h2 h2
Eyin = %f d3rro(r) — ﬁf d3 rpo(r) (6)

Eg = fd3 th=0,1(Cfpt2 + CtAthAPt + Cipete + Ct]]tz + Cf]PtV ']t)' (7)
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Epair = - Zq:n,p Gq Zk>0 Ukg Vkq (8)

where 7o is the mathematical sum of 1, and 7p, A represents the mass number, po is the sum
of pnand pp, t = 0, 1 are the isoscalar and isovector, respectively, C:is the constants of Skyrme
coupling, ukg and viq are Bogoliubov occupation amplitudes of state k for nucleon type g, and
their product denotes the probability amplitude for scattering two nucleons into time-
reversed states, and G, is the pairing strength (Da Costa et al., 2024; Shi et al., 2024).

1 , PpMpp@’) 3
Eoou =3 J d*rd’r' 20— 3

1/3
@) rarpf ) ©)
In this equation, the first term is the direct Coulomb interaction, and the second is the
exchange contribution in the Slater approximation.

The seniority-type pairing interaction, which comes from the older SM ideas, is presented in
the constant-G form, as shown in Eq. (8), and the parameter G4 determines the pairing
correlation strength among nucleons. Although schematic, it captures the essential physics
of Cooper pairing near the Fermi surface and connects to the Bardeen-Cooper-Schrieffer
(BCS) limit of HFB. In HFODD, the pairing interaction is computed through a mixed surface-
volume density-dependent force,

T1+T2

p( )
Vpgfﬁ (ry,713) =V, <1 ~ )6(r1 ~T2) (10)

where VO(Q) represents the pairing strength for nucleon q (protons or neutrons), p and po
denote the local isoscalar and nuclear saturation densities, respectively, and §(r; —r;) is
the Dirac delta function defining a zero-range pairing force. This mixed approach reduces
pairing in the interior and strengthens it near the surface, thereby providing a realistic
description of pairing gaps in medium- and heavy-mass nuclei.

2.1.3 Constrained HFB Equations

To obtain deformed solutions, the Routhian is minimized:

E' = E — %3, G (Qa) — Q3% — 0y = Tq Aq (Fp) (11)

Where Ci represent the stiffness constants, Qlu and Ql‘{ﬂ are the multipole mass operators
and target values, respectively, w is the cranking frequency around the y-axis, (fy) is the
angular momentum operator, and Aq represents the Lagrange multipliers imposing the
neutron and proton numbers Nq. That means, E is the actual binding energy, while E’ is the
energy that is used in HFB self-consistent iteration. (3, act as the spring constants, the
targets Qf{# set the desired shape coordinates, the multipole operators Q/lu Quantify the

shape degrees of freedom. In the present work, no cranking calculations were performed;
therefore, the rotational frequency was set to w = 0 for all nuclei.

2.2 Electromagnetic Operators

The EM observables can be written in terms of the spherical tensors. (Titin-Schnaider and
Quentin, 1974):
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R . N 3 o -
QZu = eZiZ=1 riz qu(ri)» Mlu = i ?:1(gl(l)li,u + g.gl)si,u) (12)

where Y2, is the spherical harmonics, r; represents the position of (i) nucleon, gl(i) , g_gi)

represents the gyromagnetic orbital and spin factors, and [;,, $;, are the angular

momentum operators for orbital and spin, respectively. Then we can write the intrinsic
quadrupole and M10 moments as follows:

Q20 = <(D|on|q§)» Mo = (<1§|1\7110|<1§) (13)

with |®) the HFB self-consistent state.
The quadrupole parameter for deformation analysis is

41

B, = ﬁon; Ry = 1.AY3fm, (14)

2.3 Shell-Model Framework

The many-body Schrédinger equation has an exact solution within the chosen valence space,
for an effective Hamiltonian:

_ too 1 t ot
Hgy = Y€ a;a; + 7 Xijia Vijaa; a5 a1ax, (15)

where it contains two terms:
a) Single-particle term

Yi€iala; (16)

where: i is the index label of single particle orbital quantum numbers i = (n;, l;, j;, m;, t;),
and these quantum numbers are the radial, orbital, total angular momentum, angular
momentum projection, and isospin, respectively. €; is the single-particle energy of the
orbital i.

b) Two-body interaction term

1 t o4
2 Zijia Vijiaa; aj aiay (17)

where Vi, is the two-body matrix elements of the effective interaction Vij,; =
(ij|Vl-jkl |kl). The matrix term shows the residual interaction between pairs of nucleons in
the valence space. The diagonalization of Hg,, give us the eigenstates that are used to

compute Q20 and M1o (Brussaard and Glaudemans, 1977; Alzubadi and Harby,
2023).

2.3.1 Valence Spaces and Inert Cores

For each nucleus in this study, a standard valence space was chosen based on the nucleus
mass region and its close doubly magic core. These vacancies are:
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sd-shell = (170, 17F) build on 160 core, sd-pf shells = (3°Ca, 3°K) build on 4°Ca core, fp-shell
— (#7Ca, *Sc) out of 48Ca core, jj45pn-type — (131In, 133Sb, 133Sn) based on Sn core, and finally,
ji56pn-type — 209Bi build on 208Pb core. These SM are consistent in this mass region
(Brussaard and Glaudemans, 1977; Sultan and Alzubadi, 2025).

2.3.2 Effective Interactions

Modern, effective interactions were used that were specifically developed for these mass
regions. For sd-shell MS, the USDC Hamiltonian was chosen, which is one of the new USD-
type interactions that deal with the isospin-breaking terms, and provides an improved
description of sd-shell spectroscopy. (Magilligan and Brown, 2020). The SD-PF was
calculated with the SDPF-U interaction, which is good for large-scale calculations in this
region. And it has been successfully applied to nuclei with Z = 8-20 and N = 20-40 (Nowacki
and Poves, 2009). For the fp-shell GXPF1A interaction was used, and this interaction is an
improved version of the GXPF1 Hamiltonian that reproduces a wide range of spectroscopic
data across the pf-shell (Honma et al., 2005). And for jj45pn MS, we used two interactions,
the jj45pna interaction, which is an effective Hamiltonian interaction based on the G-matrix,
works above a 78Ni core. (Maurya et al., 2013), and the sn100pn interaction, which is widely
employed for nuclei close to 190Sn, is based on a CD-Bonn G-matrix (Majeed, 2006). Finally,
for jj56pn, the realistic interaction used, which is extensively used to decipher spectroscopy
in heavy nuclei, with A = 210 (Warburton and Brown, 1991; Gaudefroy, 2010).

2.3.2 Electromagnetic Operators

Q20 and M1o are obtained in the SM through the one-body EM operators, which can be
converted to a many-body matrix element using the one-body transition density matrix
(OBDM). The OBDM is defined as

letooae ) (18)
V2i+1

OBDM(f, i, kyky, 1) =

where f, i are the final and initial many-body nuclear states, each of which represents all the
quantum numbers, k,, k,;, are the single particle orbitals, 1 is the multipolarity (e.g.,, A = 2 for

E2, 1 =1 for M1), a,ta is the creation operator for a nucleon in an orbital k,, d,‘:a is the time-

reversed, angular-momentum annihilation operator for orbital k;,.
Then we use

(FIIXP1i) = Tk, OBDM(S, i kakp; 2) (ko || X P || k) (19)

where X is a general matrix element operator (can be O(E2), 0(M1), T®, etc.).
So, for any state with angular momentum / we can write Q,, and M;, respectively as
(Alzubadi and Harby, 2023):

0= =(1, 3 ) ZomntiloE ) (20

where O(E2)%z is the one-body E2 operator acting on protons and neutrons.
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=2 (25 ) ZampalllOG])) (21)

where uy is the nuclear magneton and O(M1)%z is the one-body M1 operator, and
(] A ]

=] 0]
Also, we should notice that the residual core-polarization effects that are not included in the
model spaces are absorbed into phenomenological effective charges and effective spin g-
factors (Brussaard and Glaudemans, 1977).

) is the 3j symbol coming from the Wigner-Eckart factor with (M = M; = J,q = 0).

2.4 Computational Tools

Hartree-Fock-Bogoliubov calculations were performed with HFODD (v3.06h) using the
Skyrme SLy4 energy density functional. The single-particle wave functions were expanded
in a deformed harmonic-oscillator basis, including up to N,,,,,, = 12 major shells for light
nuclei and N,,,;, = 14 shells for nuclei near 132Sn and 208Pb. The oscillator frequency
followed the standard prescription Aiw = 41A~'/3MeV. Self-consistency was achieved with
an energy convergence criterion better than 10~®MeV. Pairing correlations were treated
with a mixed surface-volume density-dependent zero-range interaction and a quasiparticle
cutoff of 60 MeV. For odd-mass nuclei, self-consistent quasiparticle blocking was applied;
several configurations consistent with the experimental spin-parity were tested, and the
lowest-energy solution was retained. Time-reversal symmetry was broken in odd-A
systems, while axial and reflection symmetries were conserved. Shell-model calculations
were carried out using NuShellX@MSU in the appropriate valence spaces outside the 160,
40Ca, 132Sn, and 2098Pb cores. The interactions employed were USDC, SDPF-U, GXPF1A,
jj45pna, sn100pn, and the standard jj56pn interaction for the heavy region. Full
diagonalizations were performed within the chosen model spaces. Effective charges of e, =
1.3e, e, = 0.5e(sd-pf regions) and e, = 1.5¢, e, = 0.8¢e(jj region) were adopted for
quadrupole operators. Magnetic dipole moments were calculated using free orbital g-factors

eff _ free

and quenched spin g-factors g¢* = 0.7 g,
3. RESULTS AND DISCUSSION

In this section, we discuss the theoretical results from both HFB with the Skyme nuclear DFT
and the SM calculation, along with the available experimental data for the selected odd nuclei
near doubly magic cores. The analysis focuses on the comparison between HFB and SM
results. We arrange the results in four tables. Tables 1 and 2 are the Q20 and both HFB and
SM, respectively. And the same for M1o in Tables 3 and 4. Finally, we simulated the shape of
each nucleus to illustrate the deformation.

3.1 HFB Quadrupole Moments

As mentioned, the Skyrme-HFB calculated Q20 and the experimental values, with their
deviations, are summarized in Table 1. The HFB quantities are the intrinsic axial Q2o
moments, which are extracted from the self-consistent density as mentioned in the
methodology section, and the experimental values are spectroscopic (lab-frame) Qzo.
Therefore, the mapping from intrinsic to spectroscopic moments is approximate and may
not be guaranteed in near-spherical (magic/near-magic) systems.
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Table 1. HFB Q2o (in barns) for odd nuclei near doubly magic cores, with the experimental values.
The J= values and the deviation between theoretical and experimental are included.

Isotopes T Q35" (b) Q=37 (b) A% = (HFB — Exp)/Exp
0-17 5/2+ -0.0238 -0.0256 £0.0002* -7.0%
F-17 5/2+ 0.0758 0.076 £0.004* -0.3%
Ca-39 3/2+ 0.0362 0.038 £0.003* -4.7%
K-39 3/2+ 0.0724 0.603 +£0.006* -88.0%
Ca-47 7/2- 0.0893 0.084 +0.006* 6.3%
Sc-49 7/2- -0.0228 -0.159 + 0.008** -85.7%
In-131 9/2+ 0.0130 0.31 £ 0.01** -95.8%

Sb-133 7/2+ -0.0321 -0.304 + 0.007** -89.4%
Sn-133 7/2- -0.0260 -0.145 + 0.010** -82.1%
Bi-209 9/2- -0.0976 -0.516 +0.015* -81.1%

* The experimental data from ref. (Mertzimekis, 2016; MertzimeKis et al., 2016)
** The experimental data from ref. (Sassarini et al., 2022)

From the deviations and Fig. 1, it is evident that the light nuclei 170, 17F, and 3°Ca, as well as
the 47Ca, are reproduced with the sign and magnitude correctly by the HFB approach, by
relative deviations of the order of a few percent. AQ/Q.x, values are relatively good, about
-7.0% for 170, -0.3% for 17F, —-4.7% for 3°Ca, and +6.3% for 47Ca. In these cases, the odd
nucleon moves in a single orbital outside a doubly magic core, and the mean-field
configuration captures the core's small polarization responsible for the observed precise
Q2o.

For 3°K and #°Sc, a different behavior was found. The HFB calculations reproduce the
experimental sign of Qzo0, but the magnitudes are strongly inaccurate. For 3°K, the deviations
are about -88%. Similarly, for 4°Sc, about -85.7%. These deviations can be amplified near
closed shells due to the highly sensitive EM moments to the detailed polarization and
blocking configuration. Additionally, sensitivity to the blocking strategies can vary across
different blocked quasiparticles, and therefore Qz0 can change strongly; this is well known
in odd-mass EDF calculations (Sassarini, 2023; Li et al.,, 2024). EM moments depend on
polarization (including time-odd fields) more than bulk observables; SLy4 is not optimized
for moments, and time-odd pairing details can shift results, particularly in heavier and
weakly deformed nuclei (Bonnard et al., 2023; Sassarini, 2023).

In the 132Sn and 298Pb regions. For the odd-mass nuclei 131In, 133Sb, 133Sn, and 209Bi, the HFB
calculations reproduce the experimental sign of the Qzo0, but the magnitude is nearly one
order smaller than the empirical ones. The relative deviations reach -95.8% for 131In, -89.4%
for 133Sb, -82.1% for 133Sn, and -81.1% for 20°Bi. And this deviation appears clearly in Fig. 1.
Measured experimental moment for odd-A neighbors near doubly magic cores can be sizable
even when the nucleus is essentially spherical, and the single-reference HFB density can still
show too spherical, yielding to a small deformation (small intrinsic Qz0) (Dobaczewski et
al,, 2025). Also, static moments in odd-A nuclei are strongly affected by the time odd MF.
Standard Skyrme parametrizations are primarily fitted to bulk properties, whereas time-odd
couplings are less constrained, which leads to systematic drift in moments (Lyutorovich,
2024). While mean-field results often perform well for bulk observables in medium-heavy
nuclei, EM moments for odd nuclei near magic cores are a challenging benchmark due to
their enhanced dependence on time-odd polarization and the absence of symmetry
restoration in this study (Bonnard et al., 2023).
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Figure 1. Comparison of HFB calculated quadrupole moments Q20 with experimental
values for the chosen nuclei set. The diagonal line indicates perfect agreement.

3.2 Shell-Model Quadrupole Moments

The SM quadrupole moments collected in Table 2 show a remarkable improvement over
the HFB results for most of the studied nuclei. This appears clearly as shown in Fig. 2, where
most of the data lies on the perfect agreement, the diagonal line. In the sd-shell region, the
USDC interaction combined with effective charges ep=1.3e and en=0.5e reproduces very

well the experimental moments of 170 and 17F.

Table 2. Quadrupole moments Q,,(in barns) for odd nuclei near doubly magic cores by SM
calculations and the experimental data. Spin-parity assignments and relative MS, Effective
Interaction, and Effective Charge are all listed.

Isotopes J* | Q5N (b) Q’Zi"gl’ (b) Model | Effective Effective A%
Space [nteraction Charge

0-17 5/2+ | -0.027 }0.0256 £0.0002* | sd USDC ep=1.3,e,=0.5 |0.055

F-17 5/2+ | 0.082 0.076 £0.004* sd usDC ep=1.3,e,=0.5 |0.079
Ca-39 |3/2+ |0.0331 | 0.038+0.003* sdpf SDPF-U  |ep,=1.3,e,=0.5 [-0.129

K-39 3/2+ | 0.070 0.603 £0.006* sdpf SDPF-U  |e,=1.3,e,=0.5 |-0.884
Ca-47 7/2- | 0.090 0.084 £0.006* fp GXPF1A |e,=1.3,e,=0.5 [0.071
Sc-49 7/2- | -0.150 |-0.159 £0.008** | fp GXPF1A |ep,=1.3,e,=0.5 |-0.057
In-131 [9/2+ | 0360 | 031%0.01** |ji45pn | jj45pna |e,=1.5,€,=0.8 |0.161
Sb-133  [7/2+ |-0.270 [-0.304 £0.007** |jji45pn | jj45pna |e,=1.5,e,=0.8 |-0.112
Sn-133 |7/2- | -0.000 |-0.145+0.010** |jj45pn | sn100pn |e,=1.5,e,=0.8 -1
Bi-209 |9/2- | -0.520 |-0.516 +£0.015* |jj56pn realistic  |e,=1.5,e,=0.8 |0.008

* The experimental data from ref. (Mertzimekis, 2016; Mertzimekis et al., 2016)
** The experimental data from ref. (Sassarini et al., 2022)

For these nuclei, the calculated values are close to the experimental Q20 values. with relative
deviations of the order of a few percent. A similarly good agreement is obtained for the fp-
shell nucleus 47Ca, where the GXPF1A interaction with the same set of effective charges
yields Q33! = 0.090 b, to be compared with the experimental value Q;,” = 0.084 b. For 49Sc,

exp __

the SM value Q,,

—0.150 b also follows the experimental result -0.159 b closely.
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Figure 2. Comparison between SM Q2o and the experimental values for the chosen nuclear

set. The diagonal line indicates perfect agreement.

3.3 Comparison between HFB and Shell-Model Q2o

A direct comparison of HFB and SM calculated values appears clearly in Fig. 3, where the
diagonal line shows the perfect agreement between the two approaches. The light nuclei are
shown as agreed in the zoomed window of the figure. Also, by reading Tables 1 and 2 it
appears that the SM systematically outperforms the Skyrme-HFB approach in reproducing
the experimental Qzo.
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.
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HFB Q2o (b)
Figure 3. Comparison of HFB calculated quadrupole moments Q,,with SM values for

chosen nuclei set. The diagonal line indicates perfect agreement.

In the light nucleus regions (170, 17F, 39Ca, 47Ca, 4°Sc), the HFB calculations provide a
reasonable description. They predict the correct sign of Q20 and achieve relative deviations
at the level of a few percent in most cases. However, the SM results for the same nuclei are
closer to the experimental data, within the experimental uncertainties, showing how the
configuration-interaction framework can capture detailed configuration mixing and core
polarization effects when phenomenological effective charges and effective spin g-factors
are employed.
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3.4 HFB Magnetic Dipole Moments

The Mio obtained from the Skyrme-HFB calculations and the relative deviations from the
experiment are summarized in Table 3. The nuclei 170 and 17F, the HFB approach performs
remarkably well, and the calculated values pf'f® = —1.9122 uy and u#f8 = 4.7934 u, differ
from the experimental moments u®*? = —1.893543uy and u®*P = 4.7213uy by only about
0.99% and 1.53%, respectively. For 47Ca, the HFB result u“f® = —1.4702 uy and the
experimental value u®*? = —1.4064 uy, with a deviation of about 4.54%. But the results are
somehow less satisfactory in 39Ca, where the calculated magnetic moment u7¥8 = 1.1389
mismatch the empirical value u®? = 1.0214 uy by approximately 11.5%, which is a
relatively large deviation. Nevertheless, the sign and overall magnitude are correctly
reproduced, showing that the mean-field description still captures the main features of the
spin-orbit structure and core polarization in this nucleus. For the heavier nuclei 4°Sc, 131In,
133Sb, 133Sn, and 209B4j, only experimental (or reference) values of the M1o moments are listed
in Table 3, while the corresponding HFB moments were not evaluated in the present work.
In these systems, the interplay between complex configuration mixing in the valence space
and the poorly constrained time-odd terms makes fully self-consistent calculations
particularly sensitive. Therefore, the comparison between theory and experiment for Mo
moments in the heavy region will be restricted in this study to the SM result.

Table 3. HFB Magnetic dipole moments MI¥B (in uy) for the chosen nuclear. All Experimental data
are from the IAEA dataset (Mertzimekis, 2016; MertzimekKis et al., 2016).

Isotopes J* MYEB (uy) Mfgp () A% = (HFB — Exp)/Exp
0-17 5/2+ -1.9122 -1.893543 + 1e-05 0.99%
F-17 5/2+ 4.7934 4.7213 + 0.0003 1.53%
Ca-39 3/2+ 1.1389 1.0214 + 0.00016 11.50%
K-39 3/2+ 0.1023 0.39147 % 8e-06 -73.87%
Ca-47 7/2- -1.4702 -1.4064 + 0.0011 4.54%
Sc-49 7/2- - 5.61 +0.03 -
In-131 9/2+ - 6.312 +0.014 -

Sb-133 7/2+ - 3+0.04 -
Sn-133 7/2- - -1.41 £ 0.001 -
Bi-209 9/2- - 4.092 £ 0.002 -

3.5 Shell-Model Magnetic Dipole Moments

The SM magnetic dipole moments listed in Table 4 show better agreement with experiment
than in the HFB results, especially in the sd and fp regions. For the sd-shell nuclei 170 and
17F, calculated with the USDC interaction and standard effective charges ep = 1.3e, e, =
0.5e, the SM values p™ = —1.91uy and pM = 4.72 uy are extremely close to the
experimental moments -1.893543 puN and 4.7213 uN, respectively. The deviations are well
below the percent level and comparable to those obtained in the HFB approach, confirming
that both frameworks can reproduce these benchmark moments when the underlying
single-particle structure is dominated by a single valence orbital. A similarly excellent
agreement is found for 39K, where the SM prediction ™ = 0.39 uy almost exactly
reproduces the experimental value u®? = 0.39147 uy. While in the heavy jj-shell region, the
SM again reproduces the sign and magnitude precisely, although with somewhat larger
inconsistency.
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Table 4. Shell-Model Magnetic dipole moments M3} (in uy) for the chosen nuclear set. All
Experimental data are from the IAEA dataset (Mertzimekis, 2016; MertzimeKis et al., 2016).

Isotopes | J™ | Mi0 (uy) | M5 (uy)  [Model | Effective | Effective A%
Space | Interaction Charge
0-17 5/2+ -1.91 -1.893543 + le- sd USDC ep=1.3, 0.009
05 e,=0.5
F-17 5/2+ 4.72 4.7213 £ 0.0003 sd USDC ep=1.3, 0.000
e,=0.5
Ca-39 | 3/2+ 1.32 1.0214 +0.00016| sdpf SDPF-U ep=1.3, 0.292
e,=0.5
K-39 3/2+ 0.39 0.39147 + 8e-06 | sdpf SDPF-U ep=1.3, -
en=0.5 0.004
Ca-47 | 7/2- -1.52 -1.4064 £ 0.0011 | fp GXPF1A ep=1.3, 0.081
e,=0.5
Sc-49 7/2- 4.56 5.61+0.03 Ip GXPF1A ep=1.3, -
en=0.5 0.187
In-131 | 9/2+ 5.80 6.312+0.014 | jj45pn jj45pna ep=1.5, -
ex=0.8 0.081
Sb-133 | 7/2- 3.70 3+£0.04 Jj45pn jj45pna ep=1.5, 0.233
e,=0.8
Sn-133 | 7/2- -1.05 -1.41 £ 0.001 Jjj45pn sn100pn ep=1.5, -
en=0.8 0.255
Bi-209 | 9/2- 4.08 4.092 £0.002 | jj56pn realistic ep=1.5, -
ex=0.8 0.003

For 131In and 133Sb, calculated with the jj45pna interaction, the SM moments u™ = 5.80 uy
and 3.70 uy are smaller and larger, respectively, than the experiment values 6.312 uN and
3.0 uN, corresponding to deviations of order 10-20%. For 133Sn, the predicted moment
uSM = —1.05 uy underestimates the empirical value -1.41pN, while for 209Bi, the SM
calculation yields pu™ = 4.08 uy, in almost perfect agreement with u®® = 4.092 uy. These
results demonstrate that, even in the challenging jj-shell region, configuration-interaction
calculations with realistic interactions and modestly quenched g-factors provide a largely
satisfactory description of ground-state M1o moments in odd nuclei near doubly magic cores,
consistent with earlier SM analyses of EM moments in similar systems (Lechner et al.,,
2023; Shukla et al., 2024).

3.6 Nuclear Deformation and Shape Simulation

To visualize the evolution of nuclear shape along the chosen nuclei set, nuclear deformation
was plotted in the fore figures, Figs. 4 to 7, HFB calculated data being listed in Figs. 4 and 5
for light and heavy nuclei, respectively, and the same flow in Figs. 6 and 7 for the SM
approach. The deformation parameter 3, was calculated for all Q,, values of each nucleus,
due to the dimensionless characterization of f5,. Using the standard relation below (Ring
and Schuck, 1983):

41T

B2 = ﬁon (22)
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Where: R Is the nuclear radius calculated from the mass number R = 1,(A4)3 choosingry, = 1.2 fm, Z
is the representation of the atomic number, and A4 is the mass number of each nucleus.
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Figure 4. Axial deformation simulation for HFB calculated values (left side) and
experimental (right side), for light nuclei of the chosen nuclear set. Shapes are derived
from deformation parameters £,.
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experimental (right side), for heavy nuclei of the chosen nuclear set. Shapes are derived
from deformation parameters f3,.
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With this conversion, the dependence on mass number is removed for Qzo values. What
allows for a straightforward comparison across the set. The deformation parameter 2 was
used to shape the ellipsoid according to the formula:

a=R(1-0158,), c=R(1+0.38,) (23)

where a represents the radius across the equator on the x and y plane, c represents the polar
radius on the z-direction, and R is the radius of the nucleus, the 0.15 and 0.3 factors in Eq.
(23), are chosen to ensure the nuclear volume conservation and surface linearization (Bohr
and Mottelson, 1975; Harding et al., 2020). The 2 magnitude and its sign indicate the
degree of prolateness or oblateness of the nuclear shape. A Python script is used to plot the
3D ellipsoid that shows both theoretical and experimental deformation and their
differences. These visualizations help clarify the models and compare results, bridging
theory and geometric shape.

4. CONCLUSIONS

This work provides a benchmark of Skyrme-HFB (SLy4) versus shell-model calculations for
Q20 and M1o in the odd-A nucleus, one-particle and one-hole neighbors of doubly magic cores,
which are particularly challenging due to their sensitivity to core polarization and single-
particle structure, and identifies the mass regions in which each approach is reliable. The
electric quadrupole Q,, and magnetic dipole M;, Moments of odd-A nuclei, a large set (170,
17F, 39Ca, 39K, 47Ca, 49Sc, 131In, 133Sb, 133Sn, and 20°Bi) near doubly magic cores were
investigated, using two complementary approaches: the Skyrme-HFB and shell-model
calculations. Both were compared with the latest experimental values from the IAEA/INDC
dataset. For Qzo0, HFB results showed good agreement in the light-nucleus region (e.g., 170,
17F, 39Ca, 47Ca) with a few percent deviation. However, for 3°K and 4%Sc, and the nuclei near
132Sn and 208Pb cores, the results were underestimated by about 80% to 96%. This behavior
is most evident when the valence nucleon occupies high-j orbitals, where the quadrupole
moments are strongly influenced by the particle-hole excitations and the core-polarization
rather than the static deformation. These heavy cores are very rigid and nearly spherical
under static deformation, yielding only weak intrinsic quadrupole polarization and
significantly reduced Q values, by the blocked HFB solution. On the other hand, the SM
explicitly incorporates configuration mixing and valence-core coupling. provides a more
accurate description of Q20 across the set, with deviations of approximately 1%-16%,
consistent with experimental data, supporting the importance of the configuration mixing
picture. For M;,, HFB showed good agreement for 170 and 17F, and reasonable agreement for
47Ca. Meanwhile, it shows a significant deviation for 3°K. Notice that the magnetic moment in
the heavy region was not calculated in this study. On the SM side, M1o is reproduced
accurately with |A%]| = 0.03% to 29.23% with a median of (8.09). Overall, the results
indicate that SLy4-HFB captures the correct trend and the light-region moments but shows
large underestimation for selected A =~ 40 cases and near the 132Sn and 208Pb cores, whereas
the shell model provides consistently quantitative agreements.
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NOMENCLATURE
Symbol Description Symbol Description
B, Quadrupole deformation parameter, dimensionless | uy Nuclear magneton
C Polar radius of nucleus, fm Q49 Electric quadrupole moment, b
C; Skyrme coupling constants r Radial coordinate, fm
E Total HFB energy, MeV R Nuclear radius, fm
Jiq v Spin-current tensor Sq Spin density, fm~>
M, Magnetic dipole moment, py Tq Kinetic density, fm™°
Pq Particle density for nucleon q, fm™3 Ui, Vi | Bogoliubov amplitudes
Aq Particle-number Lagrange multiplier Yo Spherical harmonic
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