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ABSTRACT

The evolution of shell structure and nuclear deformation in neutron-rich nuclei remains
one of the major challenges in nuclear structure physics, particularly near regions associated
with shell erosion and shape coexistence. In the present work, neutron-rich isotones with
neutron numbers N=50 and N=34 are investigated within the Hartree-Fock (HF) plus
Bardeen-Cooper-Schrieffer (BCS) framework using the Skyrme SLy5 parameterization. The
potential energy surfaces (PES) are calculated as functions of the quadrupole deformation
parameter (2 in order to determine the equilibrium nuclear shapes and examine the
evolution of shell stability in neutron-rich systems. The calculated results for 79Ca show a
nearly spherical minimum at 32 = 0.001 together with a weak oblate configuration, while 72Ti
and 74Cr exhibit multiple competing minima corresponding to spherical, oblate, and prolate
shapes, indicating pronounced shape coexistence and weakening of the traditional N=50
shell closure. For the N=34 isotones, >*Ca displays weak deformation with B2 = -0.052,
supporting enhanced spherical stability, whereas >¢Ti and >8Cr exhibit increasing prolate
deformation with B2 = 0.101 and 2 = 0.151, respectively, reflecting stronger collective
effects and shell evolution. These results indicate that proton-neutron correlations, pairing
interactions, and deformation-driving orbitals play a significant role in the evolution of shell
structure and the emergence of shape coexistence phenomena in neutron-rich nuclei.

Keywords: Nuclear deformation, Hartree-Fock (HF), Bardeen-Cooper-Schrieffer (BCS),
Pairing correlations, Island of inversion, New magic number.

1. INTRODUCTION

Nuclear deformation is a basic feature of nuclear structure and makes an important
contribution to nuclear stability and nuclear collective features. Nuclear deformations are
manifestations of certain quantum effects such as the shell structure, nuclear pairing, and
long-range proton-neutron interaction, all of which are essential for understanding the
microscopic behavior of nucleons inside the nucleus. Consequently, the study of deformed
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nuclear regions provides valuable insight into the evolution of shell closures, the emergence
of new magic numbers, and the mechanisms governing nuclear stability (Bohr and
Mottelson, 1969; Iachello et al., 1998; Sorlin and Porquet, 2008). The shapes of effective
nucleon densities change suddenly with either neutron number or shell occupancy (Ebata
and Nakatsukasa, 2017; Mohammed and Majeed, 2023 Stoitsov et al., 2005) The self-
consistent mean-field (SCMF) (Bender et al., 2000) framework has emerged as one of the
most powerful theoretical approaches for analyzing the deformation properties of medium-
and heavy-mass nuclei. In this scheme, nucleons are considered to be independent particles
that move in an average potential due to their interactions. Effective approximations are
necessary as the exact solution of the Schrédinger equation is not possible due to the
complex many-body nature of nuclear systems. One of the most widely used approximations
is the Hartree-Fock (HF) method, a mean-field approach that provides reliable estimates of
key observables such as binding energies and quadrupole moments (Greiner and Maruhn,
1996; Vautherin and Brink, 1972). The HF approach, however, does not describe nucleon-
nucleon interactions in detail, especially for deformed nuclei or for systems exhibiting strong
correlations (Hamoudi et al.,, 2012; Bender et al.,, 2003; Ring and Schuck, 1980;
Mohammed et al., 2026). The Skyrme-Hartree-Fock (SHF) method is widely used in
nuclear structure studies, as it provides a self-consistent mean-field description of nuclei
and allows for the investigation of charge density distributions and related nuclear
properties (Abbas et al., 2022). Therefore, the HF framework is commonly combined with
the Bardeen-Cooper-Schrieffer (BCS) theory in order to account for pairing correlations and
to provide a more realistic description of nuclear structure (Dobaczewski et al., 2007;
Meng, 1998). The BCS theory is widely used to describe the nucleon pairing in deformed
states (Honma et al., 2009). Using the (HF + BCS) approach, it is possible to study the
nuclear properties of binding energies, axial deformations and quantum effects from
nucleons interactions systematically (Reinhard and Nazarewicz, 2013). In nuclear
physics, magic numbers correspond to specific numbers of protons or neutrons that lead to
enhanced nuclear stability through shell closure.

Traditionally, the well-known magic numbers are 2, 8, 20, 28, 50, 82, and 126. Based on some
experimental and theoretical studies that have been carried out recently, these shell closures
may evolve in nuclei far from stability. One of the developments most interesting in this
context is the predicted appearance of new neutron magic numbers like N=32 and N=34.
The appearing of N = 34 as a likely magic number suggests a variation in the nuclear shell
structure that possesses important consequences on nuclear stability and element
formation (Do et al., 2024). This shell evolution is closely related to the concept of the island
of inversion (Iol), a region in the nuclear chart where the normal ordering of shell-model
orbitals breaks down because of strong mixing between normal and intruder configurations.
As a result, nuclei in these regions may exhibit unexpected ground-state properties such as
enhanced deformation, shape coexistence, and the weakening or disappearance of
traditional magic numbers (Warburton et al.,, 1990; Sumi et al.,, 2012). Neutron-rich
nuclei with N = 50 are of particular interest because this neutron number is traditionally
associated with a major shell closure (Caurier et al., 2005) In some cases, these nuclei lie
near the border of the so-called fifth island of inversion and may exhibit shape coexistence
(Heyde and Wood, 2011). Shape coexistence is one of the well-known phenomena in
nuclear structure physics that occurs when there are several different intrinsic shapes of
nuclei, like spherical, prolate, and oblate shapes, at an energetically very close level in the
same nucleus. Shape coexistence occurs due to the fine balance between the effect of shell
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structure, proton-neutron interaction, and pair correlation, causing different shapes to
compete at distinct minima on the potential energy surface (Cejnar et al., 2010). Nuclear
deformation properties are strongly influenced by pairing correlations, which tend to reduce
shell effects and smooth the potential energy surface. Strong pairing may promote collective
deformation and shape coexistence, whereas weak pairing generally enhances shell closures
and favors spherical configurations near magic numbers (Alzubadi and Obaid, 2019).
Several studies have discussed nuclear deformation within self-consistent mean-field
approaches. For example, (Donno et al., 2017) studied pairing correlations in spherical
nuclei using the quasiparticle random-phase approximation (QRPA) based on the Gogny
interaction within the HF+BCS framework. The research examined collective states and
excitation energies in isotopes of calcium and oxygen. This study shows that nuclear
structure properties, single-particle energies, and excitation modes are all significantly
correlated with pairing correlations. Thus, they should be incorporated into theoretical
approaches of nuclear physics. (Co et al., 2019) investigated the emergence of the neutron
number N = 34 as a new magic number using a nonrelativistic independent-particle model.
The study employed (HF+BCS) and Quasiparticle Random Phase Approximation (QRPA)
calculations with consistent finite-range Gogny-type interactions, including cases with and
without tensor-force terms. (Reinhard et al., 2020) presented the SkyAx computational
code for self-consistent axial Hartree-Fock (HF) and Hartree-Fock plus Bardeen-Cooper-
Schrieffer (HF+BCS) calculations within the Skyrme energy density functional framework.
The code was developed to study nuclear structure and axial deformation properties while
including pairing correlations through the BCS approximation. (Co et al., 2021) examined
axial nuclear deformation in even-even nuclei using the Hartree-Fock-Bardeen-Cooper-
Schrieffer (HFBCS) model. The study solved the Hartree-Fock equations with single-particle
wave functions dependent on the angular momentum projection in order to describe
deformation effects on nuclear properties. (Bonatsos et al., 2023) presented a
comprehensive theoretical review of shape coexistence phenomena in even-even nuclei,
with particular emphasis on neutron-rich regions and islands of inversion. The study
discussed the microscopic origins of shape coexistence and the role of shell evolution,
proton-neutron interactions, and collective effects in driving deformation and competing
nuclear configurations. (Nguyen et al.,, 2024) analyzed nuclear deformation using the
spherical Skyrme-force Hartree-Fock-Bardeen-Cooper-Schrieffer quasiparticle random
phase approximation (HFBCS-QRPA). The stability of nuclear ground states was
investigated through quadrupole, octupole, and hexadecapole deformations, which required
the study of imaginary solutions emanating from the collapse of the spherical configuration.
(Bender et al., 2003)employed HF+BCS and relativistic models to investigate neutron-rich
nuclei and confirmed the role of neutron excess in driving shape evolution.

Despite the considerable progress achieved in studying shell evolution and nuclear
deformation in neutron-rich nuclei, the structural behavior and shape coexistence near the
fifth island of inversion are still not fully understood, especially for isotonic chains with N=50
and N=34. The studies have either focused on standard shell closure or a limited range of
isotopes. Systematic studies, which would include shell evolution, deformation effects and
pairing correlations within the HF+BCS framework, remain relatively scarce. In particular,
the interplay between shell stability, proton-neutron interactions, and deformation-driving
orbitals in these neutron-rich systems has not been sufficiently clarified. Therefore, the
present study aims to provide a systematic investigation of shape coexistence and shell
evolution for N=50 and N=34 isotones using the HF+BCS approach with the Skyrme SLy5
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interaction. In particular it strives to study the evolution of the single-particle energy (SPE)
gap between these neutron numbers and to study the viability of emerging magic numbers
with increase in neutron number. A central focus is the extent to which neutron number
N=34 exhibits characteristics of magicity. The present study also investigates the effect of
pairing correlations on spin-orbit splitting, single-particle energies (SPEs), and nuclear
stability using the Skyrme SLy5 parameterization. The hypothesis that strong neutron-
proton pairing causes the disappearance of magicity is examined further. The experimental
data and previous theoretical work will also be used to evaluate the predictive power of the
framework. (Moller et al., 2016).

The overarching objective is to track the nuclear shape transitions, to confirm magicity at
N=34, and to study the shell closure erosion at N=50. The paper is organized as follows. In
Sec. 2, we briefly give the main ingredients of the theoretical model. In Sec. 3, the results are
presented for N=50 and N=34 isotonic chains.

2. THEORETICAL FRAMEWORK
2.1 Hartree-Fock Calculations

Pairing correlations have been incorporated into the investigation of transitional behaviors
in nuclear density distributions using the Skyrme force framework. Nuclear structure and
the development of nuclear forms are investigated using self-consistent mean-field HF+BCS
computations. The HF approach is particularly effective for predicting single-particle levels
and total binding energies in closed-shell nuclei (Alzubadi and Obaid, 2019). Furthermore,
the Skyrme HF method proves useful because of its central character and the zero-range
nature of its interactions. The nucleus exhibits quadrupole collectivity as many-body system,
which reflects the mean-field deformation. This collective behavior is quantified through the
expectation value of the quadrupole operator Q. The fundamental component of MF theory
is a collection of single-particle wave functions v, which are associated with a fractional
occupation amplitude v,, corresponding to a specific single-particle state a. The theoretical
formalism is implemented using the SKYAX code with the Skyrme SLy5 interaction to
calculate deformation properties and potential energy surfaces (Reinhard et al., 2020):

W, v ;a=1,..,02} (1)
where the occupancy amplitudes v, are confined to the interval 0 < va < 1, Q indicates the
size of the active single-particle space. The complementary non-occupation amplitude is

well-defined by u, = /1 — vZ. In the HF+BCS framework, the nuclear ground state is
approximated by BCS many-body wave function,

2y = | [ (e + vedtad) o), )

a>0
where the particle-vacuum state is represented by |0), dy is the creation operator for a
Fermion in the state y,, while & is indicated by the time-reversed partner to state a. This

wave function is used to describe pairing correlations between nucleons near the Fermi
surface, which play an important role in determining nuclear deformation and shape
coexistence.
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2.2 Currents and Local Densities

The Skyrme energy-density functional depends explicitly on a limited set of local densities,
namely, the particle density p,, Kinetic density 7, spin-orbit density /,, and pairing density
&g, all of which are constructed from the HF single-particle wave functions and BCS
occupation probabilities as follows:

pa@ =D ) Elbe(r,s)I

aEq s
Jo@) = =1 ) > vUe(r,s) (VX 00 W (r,5")
a€q ss’
@) =) ) VT 3
aEq s
) =D ) Wt vetba (T, s (5,5). @
aEq s

Here, g designates the nucleon type, g = p representing protons, ¢ = n neutrons, and
w, indicates a soft cutoff in the pairing space. The spinor component and total local density
pP=p,+p, are indicated by the variable s € +1. These local densities constitute the basic
ingredients of the Skyrme energy-density functional and are used in the present calculations
to construct the self-consistent mean field and pairing potentials.

2.3 Skyrme Energy-Density Functional

The Skyrme force, a density-dependent effective interaction, defines the Skyrme HF
approximation (Furnstahl and Hebeler, 2013):

1
Vor = to(1 + x0P;)8(1r12) + gt3(1 + x3 B;)pY (R)6(11,)

1
+§t1(1 + %, P)[6(ri)K% + K'?8(r15)] + t,(1 + x,P)K'8(ri2)K

+iWy (o1 + 03) - [K' X §(r12)k]. (5)

A 1 PN . .
where P, = > (1 +(6,6,)) is the spin-exchange operator, r;, = r; — I,, and the momentum

operator is k = iV divided by . However, this is only necessary to enable the operation of a
Skyrme interaction generator (®|Vg,|®), which serves as an effective interaction within the
energy-density functional framework (Alzubadi and Obaid, 2019). The parameter
W, represents the strength of the spin-orbit interaction. The Skyrme interaction provides
an effective description of the nucleon-nucleon interaction and determines the shell
structure, deformation properties, and single-particle energies of the studied nuclei. There
are many parameterizations which are fitted to the properties of nuclei; in the present work,
our choice is Sly5 (Chabanat et al., 1998) parameterization, which is tabulated in Table 1
to describe the neutron-rich nuclei.

The HF+BCS equations are obtained by minimizing the total energy functional E},; with
respect to the single-particle wave functions and the BCS occupation amplitudes, under a
particle-number constraint.
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Table 1. Sly5 Skyrme parameterizations

Parameters Sly5

to (MeV fm3) -2484.880
t1 (MeV fm5) 483.130

tz2 (MeV fm5) -549.400
tz (MeV fm*) 13763.000
ts 126.000
Xo 0.778000
X1 -0.328000
X2 -1.000000
X3 1.267000
b4p=Wo (MeV fm3) | 63.000000

The total energy, which is the starting point for the treatment, is constructed as follows:
Etot =T + Egx + Ecous + Epair —Ecm . (6)

The total energy density functional is used to evaluate the binding energies and deformation
properties of neutron-rich nuclei within the HF+BCS framework. The standard kinetic
energy term in Skyrme EDF notation is given by:

hZ
T = 2f d3r 2y T, (). (7)

q=pn

If one assumes equal bare masses for neutrons and protons, this may be simplified to

n fd3rT(r). (8)

2m

T =

Where T = T,, + Tp. Skyrme forces are a popular interaction model and are employed in the
code (Reinhard et al., 2020).

Skyrme energy is given

as

b b , b b
Ege =] d&r 70'02_?02(1 p621+b1pT_b 12qPq Tq _?2 PAP+§3PO‘+2]

b} ’
_?3 Paqug—b4p‘7-]—b4quq V]q] (9)
Coulomb energy is:
e’ pp(Mpp(r')  3e® (3\3 4
I R T L AP L AP A R /3
Beou = 5 dérar 2220 = (S [ @y, (10)
Pairing energy is:
1 2 p(r)
Epair = Z Z Vpair,qf d3r|€q| <1 - ’ (11)
pO,pair

q=pn
where a volume element is represented by dV, and e2 = 1.43989 MeV-fm. second component
of the Coulomb energy is the exchange term in the Slater approximation.
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In addition to the Skyrme forces, pairing interactions can be involved within the
BCS (Reinhard et al., 2020). A density-dependent pairing functional is used. This is derived
from a density-dependent delta interaction, Vp,ir X §(1 — 12)[1 — p(r)/po pair] (Fetter and
Walecka, 1971). The balance between surface pairing and volume is regulated by the
parameter pg ,air The electric quadrupole moment indicates nuclear deformation. This is the
departure from spherical symmetry with respect to the center of mass

Consequently, the most significant moments are the center of mass moments (Broglia and
Zelevinsky, 2013). Two approaches can be used to apply the center-of-mass correction E,,
which eliminates the spurious energy resulting from the center-of-mass motion in the MF:

(full) _ (Pcm> Z
E;, Smd P; (12)
The diagonal approx1mat10n may be written as:
(diag) _ Z
Ecn . 1
=— > @) (13)

The expression for the Skyrme energy function in Eq. (5) is more effectively explained by the
parameters by. bg. ... b, These operators are equivalent substitutes for the traditional Skyrme
operators t; and x4, through

1
bo = to (1 +§X0>,

by = tg <;+x0>
b=[0(1+3) v (1+3)]
=g (+x1) (%Hz)]
bzzé 3t1 ) (1+ xz)]
b§=% 3t1( +x1> ( x|
b3_%t3(1+?)

b= gta(5+ )

1
1 = Uttsg (t1x1 + t2x3)

¢ = Ttts - (t1 ty) (14)
Where b, = b, = % (Erler et al., 2010).

2.4 The Coupled MF and BCS Equations

The single-particle energies or the non-occupation amplitude u, and pairing gaps that
determine the equilibrium nuclear shapes are obtained by solving the coupled HF+BCS
equations self-consistently. In the standard HF+BCS method, one first solves the Hartree-
Fock single-particle equation
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qupa = €4 Yq (15)

The Hartree-Fock equation is solved self-consistently to obtain the single-particle wave
functions and energies required for deformation and pairing calculations. One then solves
the BCS equations separately. The quasiparticle energy is

Eq = [(Ea— Ag)? +AZ. (16)

h : hamiltonian operator, A(r) :pairing potential (gap function). The occupation probabilities
are

1 €Eu— A
2 _ = a” "q
vy = 2(1 + L ) (17)
The standard relation between amplitudes and the pairing gap is
A
UgVy = ﬁ (18)

Hartree-Fock single-particle Hamiltonian derived from the Skyrme functional takes the
form,

hqg = Uq(r) — V- By(r)V + iW - (6 X V). (19)

Where Uq(7) is the local scalar potential, the term ( —V - B;(r)V) represent the Kkinetic
energy and the effective mass term, and il - (o X V) denotes spin-orbit coupling term. This
equation describes the effective mean field experienced by nucleons inside the nucleus and
includes central, kinetic, and spin-orbit contributions.

The local pairing field is written as,

Adq(r) = %Vpair.qfq <1 - M)_ (20)

Po, pair

The pairing field accounts for pairing correlations between nucleons and plays an important
role in shell evolution and the stability of deformed nuclear configurations. The state-
dependent pairing gap is,

Ay = [ drlpal?4 () (21)

where the nucleon type linked to state a is go. The well-known Hartree-Fock-Bogolyubov
(HFB) equation (Egs. (15 and 16)) (Greiner and Maruhn, 1996; Reinhard et al., 1997).
Because of the gap potential’s state-dependent contribution in Eq. (16), their solution is
fairly complicated. The state-dependent pairing gap determines the pairing strength
associated with each single-particle state and contributes to the description of collective
nuclear behavior. We adopt the BCS approximation by omitting the term.

The gap equation Egs. (16 and 17) can be resolved to:

1 )
vi==|1- & d

2 /(ea—/lq)zﬂl;i

A standard form of the state-dependent gap equation is

(22)
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1
Bo = Ve [ @i 0P8, [1- L2, (23)

Po, pair
The particle-number condition is

> k=N, (24)

aeq

The BCS gap potential, denoted as A4 (7), and the average single-particle gap, 4, are derived
from the pairing interaction.

2.5 Density and Multipole Moments

The local nucleon density pq(r) is the next significant observable. The divergence from
spherical symmetry around the center of mass, represented by the electric quadrupole
moment, is known as nuclear deformation. Therefore, the most important moments are
those in the center of mass (cm).

_ J d3r TPtype(T)

Rtype B fdsrptype(r) (25)

where Ry is the mean radius associated with the density pi.(7), and “type” denotes
proton, neutron. The rms radius is written as
_ / d3r|7'_Rtype |2Ptype )
Trms, type \/ J dsrptype ) (26)
The spherical quadrupole moments can be used to quantify the anisotropic combinations.

Q2m,type = f dgr TZYZmptype (1" - Rtype ) (27)

where Yzm are the spherical harmonics and r= |r|. Non-vanishing quadrupole moments are
only permitted by axial symmetry when m = 0. They are usually expressed as dimensionless
quadrupole moments. The quadrupole moment provides quantitative information about the
deviation of the nuclear shape from spherical symmetry.

The deformation parameter depends on the convention used for Q20. A commonly used
standard form is:

6m 3AR?’

B, = \/E‘*” 90 p = R,AY3 R, = 1.2fm (28)

R : radius that is similar to the actual nuclear diffraction radii. The quadrupole deformation
parameter 2 is used to characterize the equilibrium nuclear shapes and distinguish between
spherical, prolate, and oblate configurations. The quadrupole deformation parameter 32 is
extracted from the self-consistent density distribution obtained within the HF+BCS
framework and is used to characterize the nuclear equilibrium shape, which distinguish
between spherical, prolate, and oblate configurations. Based on axial coordinates, each field
and wave function is given on a grid. It explains how axial and Cartesian coordinates relate
to one another.

r,=\x*2+y? Z=17 (29)
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where r is the axial coordinate that indicates the space point's distance from the symmetry
axis. Examples of axially symmetric things that only depend on the r and z axes are densities
and potentials, both of which are displayed on a central grid.

r e {ry .. ,Tng} T = VAT, (30)

zZ,{z—=N,,...... ,ZN, } (31)

where the grid spacing is determined by the numerical parameters Ar and 4z. The full grid
from -Nz to + Nz along the z-axis permits reflection-asymmetric nuclear configurations, or
from O for + Nz and reconstructs the complete grid using reflection symmetry. Potentials and
densities are symmetric functions f (r,z) that may be expressed on the grid as f (rur, zvz) A
single particle's wave function has a more complicated composition that includes spin and
rotational dependence. It is shown as (Broglia and Zelevinsky, 2013)

P (R)=< o (1 z)emes )
a lp(g—) r ., Z)ei(ma +1)¢

(32)
mq« denotes the z-component of orbital angular momentum of the higher spin component, K«
= mq + %2 represents the z-component of overall z angular momentum.

The HF+BCS and HFB (Goriely et al., 2009) methods are mean-field approaches that mainly
differ in their treatment of pairing correlations. SkyAx code uses an approximation known
as BCS approximation which is a simplification of the full HFB formalism. This
approximation can be trusted for even-even well-bound nuclei. Whereas HFB gives a fuller
description of pairing effects (notably important near the drip lines where continuum effects
coming into play) although it does use a more complex approach than BCS. We observe
pairing instabilities close to closed shells with both techniques. The methods are also limited
by the assumptions taken, such as axial symmetry and weakly bound states. Numerical
accuracy depends on grid parameters and convergence criteria, with large spatial boxes
required for reliable results in loosely bound nuclei.

3. RESULTS AND DISCUSSION

In the present work, the quadrupole deformation and binding energies have been calculated
for N=50, as in 70Ca, 72Ti, and 74Cr, with N=34, as in 54Ca, 56Ti, and >8Cr, for even-even isotones
using HF+BCS method. The code (HF+BCS) (Reinhard et al., 2020) is a highly optimized
two-dimensional technique for calculating deformation energy surfaces and ground states
for axially symmetric deformed nuclei. Two parts will be devoted to discussing the computed
findings. In the first, the energy potential curve as a function of the deformation parameter
(B2) will be examined. The second is the structural densities of protons and neutrons that
correspond to the local minima (Contour Lines). The N=50 isotones mainly reflect the
gradual weakening of a traditional shell closure in neutron-rich environments. The
calculated potential energy surfaces show a clear structural evolution from near-spherical
stability toward pronounced shape coexistence as the proton number increases from Ca to
Cr.
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Figure 1. Upper: The Potential energy curve of 7°Ca term as a function of the quadrupole
deformation parameter [32. The proton and neutron structure densities corresponding to
the two local minima are shown in the lower panel

Fig. 1 In the nucleus 79Ca, the PES is dominated by a nearly spherical minimum at 32 = 0.001
together with a weak oblate configuration at 32 = =0.302. This behavior indicates that the
traditional N=50 shell closure still preserves a significant degree of stability in nuclei with
low proton number. From a physical point of view, the proton number Z=20 corresponds to
a semi-closed shell configuration, which limits collective quadrupole motion and keeps
proton-neutron correlations relatively weak. As a result, the nucleus shows only moderate
shape softness, rather than fully developed shape coexistence. In addition, the relatively
large shell gap reduces the overlap between neighboring single-particle levels, thereby
limiting level mixing and suppressing strong deformation. The measured proton and neutron
density distributions and their interpretation. In the spherical configuration, the contours
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are nearly symmetric, whereas in the weak oblate configuration, the contours are only
moderately deformed from spherical symmetry. In Fig. 2, for 72Ti, the presence of two
valence protons beyond the semi-closed proton shell at Z=20 enhances proton-neutron
quadrupole correlations and increases configuration mixing between single-particle states
near the Fermi surface.
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Figure 2. Upper: The Potential energy curve of 72Ti term as a function of the quadrupole
deformation parameter [32. The proton and neutron structure densities corresponding to

the three local minima are shown in the lower panel

As a result, the PES becomes considerably softer and exhibits competing oblate, spherical,
and prolate minima at f2 = -0.308, B2 = 0.0, and 2 = 0.218, respectively, providing clear
evidence of shape coexistence. Physically, the additional valence protons weaken the rigidity
of the N=50 shell gap and facilitate neutron excitations across the shell closure. The pairing
correlations reduce the energy differences between competing configurations, thereby
allowing several intrinsic shapes to coexist at low excitation energies. The enhanced overlap
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and mixing of neighbouring orbitals increase their collective motion along with the
development. Proton and neutron density distributions also reflect this type of behaviour,
The oblate and prolate configurations show clear deviations from spherical symmetry
displayed in comparison with the near-symmetric spherical density distribution. For Fig. 3,
the deformation becomes more pronounced in 74Cr due to the larger proton number and the
stronger collective proton-neutron interaction. The PES exhibits well-developed spherical,
oblate, and prolate configurations, indicating strong shape coexistence and a substantial
erosion of the traditional N=50 shell closure in this neutron-rich region. From a microscopic
perspective, the increased occupation of fp-shell proton orbitals lowers the energy of
deformed configurations and promotes the stabilization of both oblate and prolate shapes.
The stronger interaction between closely spaced proton and neutron levels increases
configuration mixing and enhances quadrupole collectivity, which significantly strengthens
nuclear deformation. The proton and neutron density contours corresponding to the
deformed minima exhibit pronounced elongation and compression patterns, confirming the
strong collective deformation in this nucleus. Additionally, they were also compared in Table
2, with the ground state deformation values of (Moller et al., 2016), which are based on the
finite-range droplet macroscopic model and the folded-Yukawa single-particle microscopic
model. Examining these values shows a good agreement with the data from Moller et al.

Table 2. Comparison of the current (3; and BE for N=50 with those from (Moller et al., 2016)

Nucleus | Pz equilibrium B BE, MeVpresent | pp Mev | BE, EXP. MeV
present work equilibrium work
70Ca 0.001 0.000 458.74426 464.92 -
72Ti 0.000 0.000 509.33272 515.85 -
74Cr 0.000 0.000 556.75068 562.06 -

In contrast, the N=34 isotones illustrate the formation and stability of a newly emerging sub-
shell closure rather than the erosion of a traditional magic number. The deformation
behavior of this isotonic chain reflects the competition between the developing shell stability
at N=34 and the gradual enhancement of collective correlations with increasing proton
number. In Fig. 4, for >4Ca, the PES remains dominated by a near-spherical configuration at
B2 = 0.0 together with a weak oblate minimum at 32 = -0.204, suggesting enhanced shell
stability associated with the proposed N=34 sub-shell closure. Physically, the proton number
Z=20 limits collective proton excitations and maintains relatively weak proton-neutron
correlations, thereby preserving the near-spherical structure. The weak oblate minimum,
therefore, reflects moderate shape softness rather than strong shape coexistence. In this
nucleus, the limited overlap between nearby neutron orbitals helps preserve the shell gap
and suppresses large deformation. The proton and neutron density distributions associated
with the spherical minimum remain nearly symmetric, whereas the oblate configuration
exhibits only a small deviation from spherical symmetry.

In 56T, the addition of valence protons beyond Z=20 weakens the emerging N=34 sub-shell
closure and enhances quadrupole correlations between protons and neutrons. The PES
develops a more pronounced prolate minimum at B2 = 0.354 together with a weaker
configuration near (32 = 0.101. From a physical viewpoint, the additional protons increase the
contribution of deformation-driving orbitals and reduce the stability of the spherical
configuration, leading to the gradual development of collective deformation.
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Figure 3. Upper: The Potential energy curve of 74Cr term as a function of the quadrupole
deformation parameter 32. The proton and neutron structure densities corresponding to the
three local minima are shown in the lower panel

The increased mixing between neighboring single-particle levels near the Fermi surface
enhances collective motion and facilitates the onset of prolate deformation. This structural
evolution is clearly observed in the density distributions, where the prolate configuration
displays an elongated density pattern along the symmetry axis compared with the nearly
spherical configuration.
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The collective effects become even stronger in 58Cr due to the larger proton number and
stronger proton-neutron interactions. The PES exhibits two pronounced prolate
configurations with stronger deformation behavior compared with the lighter isotones. The
occupation of deformation-driving orbitals in both proton and neutron shells produces a
significant gain in deformation energy and stabilizes prolate configurations. At the
microscopic level, the stronger overlap and interaction between proton and neutron levels
lead to greater configuration mixing and quadrupole collectivity, allowing collective
deformation to dominate over the stabilizing influence of the N=34 sub-shell closure. The
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proton and neutron density distributions exhibit strongly elongated contours, confirming
the dominance of prolate collective deformation in >8Cr. Overall, the obtained results indicate
the evolution of nuclear deformation in neutron-rich isotones. The balance of shell stability
and collective quadrupole correlations has a strong influence. The N=50 isotones show an
overall softening and partial disappearance of the normal shell closure with increasing
proton number, and more deformation and strong shape coexistence in heavier nuclei such
as 74Cr. In contrast, the N=34 isotones demonstrate the emergence of a new sub-shell closure,
particularly in 5#Ca, where the near-spherical structure supports the appearance of N=34 as
a possible new magic number. However, the gradual increase in collective effects in 56Ti and
58Cr indicates that this emerging magicity remains sensitive to proton-neutron interactions
and deformation effects. Nuclear magic numbers are thus not fixed properties; they evolve
as the shell structure, proton-neutron correlations, and collective deformation change in
neutron-rich nuclei.

Table 3. Comparison of the current 3; and BE for N=34 with those from (Moller et al., 2016) and
experimental value from (Center for Photonuclear Experiments Data (CDFE))

Nucleus | Pzequilibrium B BE, MeV BE,MeV | BE, EXP.MeV
present work | equilibrium | present work

54Ca -0.052 -0.011 439.45175 442.33 444.112+0.751

56Ti 0.101 0.129 469.21065 473.65 473.730+0.215

58Cr 0.151 0.185 496.14009 501.42 501.198+0.215

The quadrupole deformation parameter (32 is compared between the present calculations
and Moller et al. model. As the proton number increases, a similar investigation reveals that
a structural evolution of even-even nuclei with neutron number N=34 takes place. As we
move to >*Ca, the deformation drops sharply to nearly zero (-0.052 in the present work and
-0.011 in Mdller’s), suggesting a nearly spherical shape. This supports the idea that N=34
may represent a weak magic number in calcium, stabilized by a notable energy gap between
the neutron orbitals p1/2 and fs/2. In 56Ti, a positive 32 value of 0.101 marks the onset of
prolate deformation (elongated shape), indicating the gradual erosion of the N=34 shell gap
as protons are added. The deformation becomes more prominent in 58Cr with 2= 0.151,
reflecting stronger collective effects due to the occupation of deformation-driving proton
orbitals. These values suggest increasing proton-neutron interactions that enhance the
deformation of the nuclear shape.

4. CONCLUSIONS

The present study reveals that the structural behavior of neutron-rich isotones is strongly
dependent on the underlying shell evolution, particularly in regions far from stability. Rather
than remaining completely rigid, the traditional shell closures exhibit gradual weakening in
neutron-rich regions. The results indicate that there is a noticeable separation of nuclei.
While the first one is N=50, the other one is N=34. Under the HF+BCS framework using the
Skyrme SLy5 interaction, the calculated potential energy surfaces show that the N=34 nuclei
like 54Ca exhibit a close-to-spherical ground state or weak deformation, having well-defined
energy minima. This behavior supports the interpretation of N=34 as a robust or emerging
magic number in neutron-rich systems, particularly at low proton numbers. In contrast,
nuclei with N=50, including 7°Ca, 72Ti, and 74Cr, display softer potential energy surfaces with
multiple competing minima and noticeable deviations from spherical symmetry. This
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indicates a weakening of the traditional N=50 shell closure in these neutron-rich regions,
driven by the interplay of proton-neutron correlations, pairing effects, and configuration
mixing. The comparison between the isotonic chains shows that the N=34 nuclei prefer more
stable configurations, while N=50 shows greater shape coexistence and structural softness.
The nuclear magicity contrast shows that different shell closures can become more
pronounced than the conventional ones under extreme isospin conditions. The results
emphasize that nuclear magic numbers are not universal constants but depend sensitively
on the balance between shell structure, pairing correlations, and residual interactions,
leading to the appearance of new magic numbers and the erosion of conventional ones in
exotic nuclei.

NOMENCLATURE
Symbol | Description Symbol | Description
HF  Hartree-Fock Method Z Proton Number
BCS |Bardeen-Cooper-Schrieffer Method | EDF Energy Density Functional
PES |Potential Energy Surface B2 Quadrupole Deformation Parameter
BE Binding Energy N Neutron Number
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  N = 50  


  N = 34  


    Q ˆ


    


    v  𝛼


  𝛼


   {   𝜓  𝛼 ,   v  𝛼 ; 𝛼 = 1 , … , 𝛺 } ,                                                                                                                                                                                                                                                                      ( 1 )


    v  𝛼  


    u  𝛼 =  1 −   v  𝛼 2


   | 𝛷 ⟩ =   ∏  𝛼 > 0   (   u  𝛼 +   v  𝛼     a ˆ  𝛼 †     a ˆ    𝛼 ‾ † )  | 0 ⟩ ,                                                                                                                                                                                                                                      ( 2 )


        a ˆ  𝛼 +


    𝛼 ‾


    𝜌  q


    𝜏  q


    J  q


    𝜉  q


    𝜌  q  ( 𝒓 ) =   ∑  𝛼 ∈ q       ∑  s     v  𝛼 2    |   𝜓  𝛼 ( 𝒓 , s ) | 2


    𝑱  q  ( 𝒓 ) =   − i   ∑  𝛼 ∈ q    ∑  s   s ′    v  𝛼 2   𝜓  𝛼 ∗  ( 𝒓 , s )   ( ∇ ×   𝜎  s   s  ′   )   𝜓  𝛼  ( 𝒓 ,   s ′ )   


    𝑱  q  ( 𝒓 ) =   − i   ∑  𝛼 ∈ q    ∑  s   s ′    v  𝛼 2   𝜓  𝛼 ∗  ( 𝒓 , s )   ( ∇ ×   𝜎  s   s  ′   )   𝜓  𝛼  ( 𝒓 ,   s ′ )   


    𝜏  q  ( 𝒓 ) =   ∑  𝛼 ∈ q       ∑  s       v  𝛼 2    | ∇   𝜓  𝛼  ( 𝒓 , s ) | 2                                                                                                                                                                                                                           ( 3 )


    𝜏  q  ( 𝒓 ) =   ∑  𝛼 ∈ q       ∑  s       v  𝛼 2    | ∇   𝜓  𝛼  ( 𝒓 , s ) | 2                                                                                                                                                                                                                           ( 3 )


    𝜉  q  ( 𝐫 ) =   ∑  𝛼 ∈ q       ∑  s       𝓌  𝛼   u  𝛼   v  𝛼   𝜓    𝛼 ‾  ( 𝐫 , s )   𝜓  𝛼  ( 𝐫 , s ) .                                                                                                                                                                                   ( 4 )


    𝜉  q  ( 𝐫 ) =   ∑  𝛼 ∈ q       ∑  s       𝓌  𝛼   u  𝛼   v  𝛼   𝜓    𝛼 ‾  ( 𝐫 , s )   𝜓  𝛼  ( 𝐫 , s ) .                                                                                                                                                                                   ( 4 )


  q


  q = p


  q = n


    w  𝛼  


  s ∈ ± 1


          V  S k    =   t 0  ( 1 +   x 0   P  𝜎 ) 𝛿  (   𝒓 12 ) +  1 6   t 3  ( 1 +   x 3     P  𝜎 )   𝜌  𝛾  ( R ) 𝛿  (   𝒓 12 )         +  1 2   t 1  ( 1 +   x 1   P  𝜎 ) [ 𝛿  (   𝒓 12 )   K 2 +     K  ′ 2 𝛿  (   𝒓 12 ) ]   +   t 2  ( 1 +   x 2   P  𝜎 ) K ′ 𝛿  (   𝒓 12 ) K           + i   W 0  (   𝜎 1 +   𝜎 2 ) ⋅ [   K ′ × 𝛿 (   r 12 ) k ] .                                                                                                                                                                                                                       ( 5 )   #


      P ˆ  𝜎


   1 2


   (     𝝈 ˆ 1     𝝈 ˆ 2 )


    𝐫 12 =   𝐫 1 −   𝐫 2


    ˆ


  ℏ


   ⟨ Φ |    V Sk | Φ ⟩


    W 0  


    E tot  


      E  t o t = T +   E  S k +   E  C o u l +   E  p a i r −   E  c m


    T =   ∑  q = p , n   ∫       d 3 r    ℏ 2  2   m  q   T  q  ( r ) .                                                                                                                                                                                                                                       ( 7 )


  T =    ℏ 2  2   m   ∫    d 3 r T  ( r ) .                                                                                                                                                                                                                                                                 ( 8 )


  T =   T  n   +   T  P .  


       E  s k =  ∫     d 3 r    [     b 0 2   𝜌 2 −       b ´ 0 2   ∑  q       p  q 2 +   b  1 𝜌 T −     b ′ 1   ∑  q    𝜌  q     T  q   −     b 2 2   𝜌 ∆ 𝜌 +     b 3 3   𝜌  𝛼 + 2   ]    −     b 3 ′ 3     𝜌  𝛼   ∑  q    𝜌  q 2 −   b 4   𝜌 𝛻 . J −   b 4 ′   ∑  q    𝜌  q 𝛻 .   J  q   ] .                       #  ( 9 )


      E  C o u l =     e 2 2 ∫   d 3 r   d 3   r ′     𝜌  p ( 𝒓 )   𝜌  p (   r ′ )  | 𝒓 −   r ′ | −   3   e 2 4    (  3  𝜋 )   1 3  ∫    d 3 r       𝜌  p ( 𝒓 )   4 3 ,                                                                                                     ( 10 )


      E  pair  =  1 4   ∑  q = p , n     V  pair  , q  ∫     d 3 r    |   𝜉  q | 2  ( 1 −   𝜌  ( r )    𝜌  0 ,  pair  ) ,                                                                                                                                                       ( 11 )


    V pair × 𝛿 ( 1 − 12 ) [ 1 − 𝜌 ( r ) /   𝜌  0 , pair ]


    𝜌  0 , pair


    E cm


    E  c m   ( f u l l ) =    〈     𝑷 ˆ  c m 2 〉  2 m A ,       𝑷 ˆ  c m =   ∑  i = 1  A      𝑷 ˆ  i                                                                                                                                                                                                                              ( 12 )


            E  c m   ( d i a g ) =  1  2 m A   ∑  n = 1  A      〈     p ˆ  n 2 〉 .                                                                                                                                                                                                                                           ( 13 )


   b 0


   b 0 ′


   b 4 ′


    b 0 =   t 0  ( 1 +  1 2   x 0 ) ,    


    c 1 =   𝜂  t t s  1 16  (   t 1   x 1 +   t 2   x 2 )


    c 1 ′ = 𝜋 t t s  1 16  (   t 1 −   t 2 )


    b 4 =     b 4 ′ =     W 0 2


    u  a


     h ^  q   𝜓  a =     ∈  a   𝜓  a


    E  𝛼   =    (  ∈  𝛼 −   𝜆  q )  2   +  Δ  𝛼 2


    ˆ


  Δ ( 𝒓 )


    v  𝛼 2 =  1 2  ( 1 +    ∈  𝛼 −   𝜆  q    E  𝛼     ) ,                                                                                                                                                                                                                                                       ( 17 )


    u  𝛼   v  𝛼 =    ∆  𝛼    2 E  𝛼                                                                                                                                                                                                                                                                                                 ( 18 )


     h q ´ =   U q  ( 𝒓 ) − ∇ ⋅   B q  ( 𝒓 ) ∇ + i   𝑾 q ⋅  ( 𝝈 × ∇ ) .


    U q  ( 𝒓 )


  − ∇ ⋅   B q  ( 𝒓 ) ∇ )  


  i   W  q ⋅ ( 𝜎 × ∇ )


         𝛥  q ( 𝒓 )    =  1 2   V  pair  , q   𝜉  q  ( 1 −   𝜌 ( r )    𝜌  0 ,  pair  )      .                        


    𝛥  𝛼 =  ∫     d 3 r    |   𝜓  𝛼 | 2   𝛥    q ( 𝒓 )


    v  𝛼 2 =  1 2  ( 1 −    ∈  𝛼 −   𝜆  q      (  ∈  𝛼 −   𝜆  q ) 2 +   𝛥  𝛼 2 )


   Δ  𝛼 =  1 2   V  pair  ,  q  ∫   d 3 r   |   𝜓  𝛼   ( r ) | 2   𝜉    q  𝛼  [ 1 −   𝜌 ( r )    𝜌  0 ,  pair  ]


      ∑  𝛼 ∈ q    v  𝛼 2 =   N  q                                                                                                                                                                                                                                                                                               ( 24 )


   Δ  q ( r )


   Δ  𝛼


    𝑹 type =    ∫     d 3 r   𝒓   𝜌 type ( 𝒓 )   ∫     d 3 r   𝜌 type ( 𝒓 )


    R  type 


    𝜌  type ( r )


    r  r m s , type  =     ∫       d 3 r   | 𝒓 −   𝑹  type  | 2   𝜌  type  ( 𝒓 )   ∫     d 3 r   𝜌  type  ( 𝒓 )


    Q  2 m , t y p e =  ∫     d 3 r     r 2   𝒀  2 m   𝜌  type   ( 𝒓 −   𝑹  type  ) .


  |


  | .


    𝛽 2 =     5  6 𝜋   4 𝜋     Q 20  3 A   R 2 , R =   R 0   A  1 / 3 ,   R 0 = 1 . 2 fm


    r   ⊥ =    x 2 +   y  2       ,   Z = Z


    r   ⊥ ↔  {   r 0 , … … ,   r  N 𝜏 }         r    v   = v ∆ r ,


    z   ⊥ ↔ { z −   N  z   , … … ,   Z N  z   }


    𝜓  𝛼


   (      𝜓  𝛼   ( + )    (   r   ⊥ , z )   e    i m  𝛼 𝜙     𝜓  𝛼   ( − )    (   r   ⊥ , z )   e    i ( m  𝛼   + 1 ) 𝜙 )

